
Last lecture

Bayes formula (Ch 2.10)
• Examples

Independent Events/ RVs (Ch 2.4)
• Definition
• Motivation
• Examples and Facts
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Agenda

Independent Events/ RVs (Ch 2.4)
• Examples and Facts

Distributions (Ch 2.4)
• Bernoulli
• Binomial 

Geometric distribution (Ch 2.5)
• Definition



Terms and Facts

• 𝐴, 𝐵, 𝐶 are pairwise independent if 𝐴, 𝐵 , 𝐵, 𝐶 , (𝐴, 𝐶) are 
mutually independent
• Toss a fair coin twice
• 𝐴 ≜ {First coin is Head}
• 𝐵 ≜ {second coin is Head}
• 𝐶 ≜ {toss results are the same}

↓ Does not imply.
- A

,
B
,
C are all independent

P(ABC) = P(A)P(BP(
&
A = [CH,TS, (H,H)]ll = 4 P(A) = P(B) = P(c)
&
3 = [(T, H), (H, H1] =E

-c = [(H,H), (7, Th3



↑ (AIB)===P
↑ (B(C) =-

,
P(AIC)=

P(ABC), = ↑ + ↑(A)P(B)P(C)
.



Terms and Facts

• 𝐴, 𝐵, 𝐶 are independent they are pairwise independent and 
𝑃 𝐴𝐵𝐶 = 𝑃 𝐴 𝑃 𝐵 𝑃(𝐶)

• 𝐴1, 𝐴2, …𝐴𝑖 are independent if 
𝑃 𝐴𝑖1𝐴𝑖2 …𝐴𝑖𝑘 = 𝑃 𝐴𝑖1 𝑃 𝐴𝑖2 …𝑃(𝐴𝑖𝑘)

F(B,2) i.

Proof P(AM (BUC))·
= P(A) P(BUC)



Distributions
H

EX
,
PX3 of commonly seen exp.



Bernoulli Distribution

𝑋 is Bernoulli distribution with parameter 𝑝 if 
• 𝑃{𝑋 = 1} = 𝑝 and 𝑃 𝑋 = 0 = 1 − 𝑝
• “Toss a (unfair) coin with 𝑝 probability Head”
• Only         possible outcomes, pmf contains          bins
• 𝐸 𝑋 =
• 𝐸 𝑋2 =
• 𝜎𝑥2 =

x
first
momentum
-

2
1 x (1)+Px(0) = P.

2

-- P

second ~ EIXT -(E[X]) "
momentum = p - pi = p(l - p)

e 10. 5. P.



Binomial Distribution

𝑋 is binomial distribution with parameter (𝑛, 𝑝) if
• 𝑋 is sum of 𝑛 Bernoulli trials with parameter 𝑝
• Draw the unfair coin 𝑛 times and count the Head

• 𝑝𝑋 𝑘 =

𝑛, 𝑝 = (24,
1
3
)

= nt bins
=

& [0,n]
=

Head
↑ n-k

.

A (n) "C-p&

-

↑ x (2)
for (n

, pl = (4, 0 . 5) &
HHTT->(2) #T EXExt
HTTH --
TTHH p2 (1p)4-3. DT HTH THAT.



Binomial Distribution

Proof - σ𝑘=0
𝑛 𝑝𝑋 𝑘 = 1

• 1 + 𝑥 𝑛 = σ𝑘=0
𝑛 𝑥𝑘

• 𝑥 = 𝑝
1−𝑝

𝑝𝑋 𝑘 = 𝑛
𝑘 𝑝𝑘 1 − 𝑝 𝑛−𝑘-S

-

Exairt-safe
-

->
E xh+ (4)yn+...

= 1 =z(4pk4-py

=
X(l -p)



Binomial mean

𝐸 𝑋 = σ𝑘=0
𝑛 𝑘 𝑛

𝑘 𝑝𝑘 1 − 𝑝 𝑛−𝑘

𝑝𝑋 𝑘 = 𝑛
𝑘 𝑝𝑘 1 − 𝑝 𝑛−𝑘

= σ𝑘=1
𝑛 𝑘 𝑛!

𝑛−𝑘 !𝑘!
𝑝𝑘 1 − 𝑝 𝑛−𝑘

= 𝑛𝑝σ𝑘=1
𝑛 (𝑛−1)!

𝑛−𝑘 !(𝑘−1)!
𝑝𝑘−1 1 − 𝑝 𝑛−𝑘

= 𝑛𝑝σ𝑚=0
𝑛−1 𝑛−1!

𝑛−1−𝑚 !𝑚!
𝑝𝑚 1 − 𝑝 𝑛−1−𝑚

= 𝑛𝑝σ𝑚=0
𝑗 𝑗

𝑚 𝑝𝑚 1 − 𝑝 𝑗−𝑚

- Px(f) -

-- Exam-Safe
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Binomial Properties

• Mean 𝐸 𝑋 =
• Variance 𝑉𝑎𝑟 𝑋 =

• why?

• Shape of the pmf- what is the most likely 𝑘?
• 𝑘∗ = (𝑛 + 1)𝑝

𝑝𝑋 𝑘 = 𝑛
𝑘 𝑝𝑘 1 − 𝑝 𝑛−𝑘

-
up
up(l-p) = nX Var(Bernoulli(p)).-

a tosses are independent.



Var (X, +Xc) = Var(X.) + Var(X2)

↓o if XI
,
Xz are independent,

2

E+ X2)2) -(E(X+ X2)] (
2

PX ,XLijst)

= EIX ,-J + E[zX , X2] + E[X25] - (M1 +M2)
-

-
= ETXi]-Mi+-MT
-

ETLX, X2] - 2M ,M2
--

= Var(X1) + Var(Xz) ↓ independ.

= [Px() Bla .

M
, &-[55Px(j7]Px()



Slido

Back to early 1900’s, there’s a mail fraud 
• I mail 𝑁 people that I can predict a series of 
 50-50 games
• I predict 𝐴 wins in 𝑁

2
 mail, 𝐵 wins for the other

• Stop mailing a person after 2 wrong guess
• Say people will subscribe to my prediction if I 

only make at most 1 mistake in 5 guesses
• What should be 𝑁 if I want to get 300 subs?

𝑝𝑋 𝑘 = 𝑛
𝑘 𝑝𝑘 1 − 𝑝 𝑛−𝑘

#5018375&

& ->P correct5correct
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G
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P x (5) = (5)(551
=

#4)ST32


