ECE 31> / MATH 362 PROBABILITY WwWITH ENGINEERING APPLICATIONS

LECTURE 34 . CORRELATION AND COVARIANCE

. toeics 10 COVER (BASED ON (CH L-8)

<2 CORRELATION AND COVARIANCE

2 CORRELAT(ON AND COVARIANCE

LET X AnND Y BE TwWO RANDDM VARIABLES WITH FINITE SECOND MOMENTS, I E.

Bx2 s AND ENF L.

YoU'LL SEE/\T(S00N1
e

DEFINE THREE MEASURES OF A LINBAR  RELATIONGHIP  BETWEEN X AND Y

[/JOINT EXPECTATION) OF X AND Y

EEREEEER sciucin KX AND X = @(XV)
LOVARIANCE BETWEEN X AND Y @ Cov (XY) = E(R-EB X)) (Y-E K))
X
CORRELATION (COEBFFICIENT BETWEEN X AND X = P = Cov (% Y)
A J Var(x) dax(Y)
0BSERVE THE FOLLOWING -
> E(xyY) = Z 7— Zi 'Yy Px,v (=i, ‘45)) DIGCRETE  CASE
L)
f S uv F (W) dv du, CONT. CAGSE
'S ’
- Cov(Xx,x) = B(x-BX)) (x-®BKx) = ®B(x-@X)* = Wwarcx)



(f

> Cov (% Y) E(R-BX)(Y-E ()

LINEARITY OF (EXPELTATION

= B(rY) - E(x@®(Y)) - BB Y) + BIENEWN))
{ 2 ¢ ¢ }
EO() AND E(Y) ARE CONSTANTs w :
= B(xy) - E@REN) - TBXEWN + EBX)EWN
= BElxy) - EMxEN
> IF  EB) =@ or (EWN =0 Cov (%Y) = (B(xY)
DEFINITION . (F Cov(x,Y) =@ . X AND Y ARE  CALLED UNCORRELATED.
\F Cov(x,Y) »@ . X AND Y ARE CALLED +VELY UNCORRELATED.
\F Cov (X,Y) <@ : X AND Y ARE CALLED (-VELY UNCORRELATED.
B @ = Ww(x) 7o Av> @S = W) y@ , €, @, 15 wWELL- DEFINED,
Cov (X,Y) > @ = Px,x >0
< <
INDEPENDENCE AND UNCORRELATEDNESS
THEOREM X AND X ARE  INDEPENDENT = X AND ¥ ARE  UNCORRELATED.

HOWEVER  THE CONVERSE 15 NOT TRVE .

PROOF ' LET  x  AND Y ARE (INDEPENDENT , |- E.



§

>(/Y(u, v) = )Cx(u)-f\,(‘/) ¥ W V) eR? )
> f(uv )CX,Y(u’V) dvduw = ffuv §x(u) .fy (v) dvduw (2)
1R? R?
w uw v) dv
IR IR
> E(xY) = E(X) EC(Y) > X AND Y ARE UNCORRELATED
THE CONVERSE DOESN'T HOLD TRUE A5 @ #% @ , te., (F Two INTEGRALS
ARE THE SAME 3 (INTEGRANDS /(FUNCTIONS INTEGRATED ARE THE SAME. E-G.
| [ '
(xdx - f(l-x) dx = ' eur  x= (1-2) £ € 00,17
2
0 0
ANOTHER. WAY  TO REALIZE THAT  THE CONVERSE  DOESN'T  HOLD 15 A5 FOLLOWS:
TAKE X ~ WUNIFORM (-1, 1) AND DEFINE Y= x2% CLEARLY X AND Y
ARE NOT  (NDEPENDENT.
| 2 ] 2 )2
CONGCIDER E(X) = gu-_‘_ du = u = b- & = ©
2 4 r
| -1
| 3 | 2 ( ‘)?J
2t 2 6 6 6



E(xXY) = @®(xx*) = EWK)

!
y b . _4H
= gu?-Lolu = w = t-Gv %
= 2 3 -1 6
> Cov (x,¥) = E(xy) - B E(Y)
= 0 - @ L
P)
= 0
= ¥ AND Y ARE UNCORRELATED.
BUT Y = x* ARE CLEARLY DEPENDENT.
‘——ﬁf_/
NON- LINEAR RELATIONGHIP |
CORRELATION CAN ONLY DETECT LINEAR RELATIONGHIPS| «~ fOU SEE IT Nowl ®)
EXERCISE . PROVE THE ABOVE THEOREM FOR THE DISCRETE CASE.
UNCORRELATEDNESS OF A  SBET ( pps6lbLY OF S12B 72)  OF  RAANDOM  VARIABLES .
DEFINITION: A sBT ( pp56BLY OF SlzB 72) OF  RANDOM  VARIABLES 16 CALLED

UNCORRELATED 13 THEY ARE PAIRWISE UNCORRELATED, [|‘E. LET



5= {X,.., *n} E A SET 0F M RVS, 5 15 CALLED

UNCORRELATED IF Cov (Xi, Xj) = (0 ¥ L£Ey =L, M.

REMARK RECALL THAT UNLIKE UNCORRELATEDNESS, PAIRWISE (NDEPENDENCE |5 NOT

GUFFICIENT FOR MUTUAL (INDEPENDENCE.

OBSERVE THE FOLLOWING -

- Cov(%xtY, Utv) = Cov(x,u) + Cov(x,v) + Cov(Y,u) + Cov(Y,V)
PROOE * CONG(DBR -
Cov(xtY, Utv) = B(xtY)(vtv) - B(x+Y)EBE(UtV)

E(xv) + ®(xv) + ®(yu) + ©CYV)

- (Bx@w) +E@xEw) + BDEW) + EBYWEW)

EXXV) - @(x)EW) + @(xv) - BO)EW)

+ By -EMEW) + @(vv) -EB(YV)EW)

= Cov(x,u) + Cov(x,v) + Cov(y,Vu) + Cov CY,V)

- Cov (@x + b, @Y + &) = aic Cov(x,Y) &, b, (¢, & ARE CONSTANTS

PROOF - EXERCI\SE. HINT - VERY SIMILAR TO THE PROOF OF THE (VARIANCE OF A

RANDOM  VARIABLE 5 AFEECTIED BY THE CHANGE OF (SCALE BUT NOT

OF THE (ORIGIN.



> Vor (X+Y) = Var(x) + Var(y) + 2 Cov(xY)
PROOFE . CONGIDER
Yar (X +Y) = Cov(Xt+Y¥, Xxt¥)
= cov(Xx,x) + Cov(x,X) + Cov(Y,x) + (Cov(V,Y)
= Var(x) £ Cov(Xx,¥) + cCov(x,Y) + Norcy)
= Vax (X) + Worcy) t+ 2Cov(x,Y)
> i X AND Y ARE UNCORRELATED THEN :  ¥ar (x+Y) = War(x) + vox(v)
PROOF * EXERCISE . HINT - FOLLOWS DIRECTLY FROM THE RESULT ABIVE.
cC 7
i Pax +b, @y +a Dy, v o L 0
PROOF CONSIDER -
RlGIN
_ Cov (@x +b, (@Y + &)
SAE '\/,P’awb, eY+d T ( / = ¢ Cov(Xx,Y)
7

FUNCTION 0F X

REPRESGENTING THE CRANGE
OF ORIGIN AND SCALE

GIANDARDIZED VERSION OF X

\/vo.r(ax+b) Vor (Y + o) \/az vayr (x) &vor(Y)

alc Cov(Xx,Y) Cov(Xx,Y)

a‘c\/ Vay (X) Vo (Y) \/var(x) Vor (Y)

Py, v

GIANDARDIZED VERSION OF Y

P ,_/\—\
o & X -(E(x), Y-(EY) I CAN BE REGARDED A5 THE
Ty Ty XY STANDARDIZED VERSION OF Cov (X ,Y)
—_—

/’
MEAN=Q , VAR

=1



PROOF CONGIDER -
CHANGE OF ORIGIN

COV(X—E(X), Y—E(Y)) L cov/ X, Y
Vx Ty Ty Iy

CHANGE OF (SCALE
Cov (X,Y)

RANGE OF THE CORRELATION (COEFFICIENT

THEOREM - -lg By, ¢!
¢ [\/ﬂEFEﬂ TO THE TEXTBOOK !

PROOF - THE  PRODF FOLLOWS FROM  THE CAUCHY - SCHWARZ INEQVALITY .

KRE',ATED T0 THE TRAANALE INEQUALITY .

W z |
I £ Px,v <
PERFECT NEGATIVE LINEAR RELA'”ON..‘)!‘“P/ 1PEKFECT P05\ TIVE LINEAR RELATIONSHIP
Y= (X +Db FOR SOME (L L0 Y= (@X +b FOR SOME & 74
WEAK STRONG VERY 5TRONG
NO LINEAK P\F,I,ATIONQMP—¥ [ 5
] | 55 e pERFELT
-1 _.77 -5 -3 0 -3} s 7 (
MODERATE
F——"— NeoaTwvE I POSITIVE |

EXERCISE @ CALCULATE THE CORRELAT(ON COEEFICIENT BETWEEN THE  HW

Py

SORE (X) AND ExAM SCORE (Y) FpR THE FODLLDWING DATA .

+ HW SCRE (x) ¢ 9 10 7 5 8 5
EXAM GCLORE (Y) © 9 6 4 7 3
CLAGSIEY PXY INTQ ONE OF THE ABDVE RANGES.



