


















ECE313 MATH362 PROBABILITY WITH ENGINEERING APPLICATIONS

LECTURE34 CORRELATION AND COVARIANCE

TOPICS TO COVER BASED ON CH 481

CORRELATION AND COVARIANCE

CORRELATION AND COVARIANCE

LET X AND Y BE TWO RANDOM VARIABLES WITH FINITE SECOND MOMENTS 1 E

EX 40 AND EY 00

YOU'LL
SEE IT SOON

DEFINE THREE MEASURES OF A LINEAR RELATIONSHIP BETWEEN X AND Y

JOINTEXPECTATION OF X ANDY

CORRELATION BETWEEN X AND Y ETXYT

COVARIANCE BETWEEN X AND Y Cor IXY E X E XI Y E R 1

CORRELATION COEFFICIENT BETWEEN X AND Y px
COV1141
varix Varly

OBSERVE THE FOLLOWING

EXY 745 Pxx 174145 DISCRETE CASE

I UvFy Cuv1 du du cont CASE

Cor x x1 E X E X X EX1 EIX E 1 2 varix



Cor1 41 EIX E X1 Y E R I

LINEARITY OF EXPECTATION
E XY E EMI E EIX Y E E X EMI

ELA AND EMI ARE CONSTANTS EY EIX EMI
LEIX

EIR
EXPECK

E XYI EIX EIKI

IF ECXI 0 OR ELY 0 Cor1 41 E XY

DEFINITION IF COV IXYI 0 X AND Y ARE CALLED UNCORRELATED

IF COVIXYI O X AND Y ARE CALLED VELY UNCORRELATED

IF COVIXY O X AND Y ARE CALLED VELY UNCORRELATED

IF 5 2 var x 70 AND Ty varlet 0 1 E Px y 15 WELL DEFINED

covlx.nl 0 exx 0

INDEPENDENCE AND UNCORRELATEDNESS

THEOREM X AND Y ARE INDEPENDENT X AND Y ARE UNCORRELATED

HOWEVER THE CONVERSE IS NOT TRUE

PROOF LET X AND Y ARE INDEPENDENT 1 E



uv Fxyluv dudu uvfxlut.fi v1 dudu 12

EIXYI flu duffyw dv

EIXY EIX EIYI X AND Y ARE UNCORRELATED

THE CONVERSE DOESN'T HOLD TRUE AS 121 11 1 E IF TWO INTEGRALS

ARE THE SAME INTEGRANDS FUNCTIONS INTEGRATED ARE THE SAME E G

edx l 71 da BUT x 11 21 K E 0,1

ANOTHER WAY TO REALIZE THAT THE CONVERSE DOESN'T HOLD 15 AS FOLLOWS

TAKE X UNIFORM I 1 11 AND DEFINE Y X2 CLEARLY X AND Y

ARE NOT INDEPENDENT

CONSIDER EIXI u du 1 12
41
172

p

EMI E X2 u du 11 13
61
173

2



EIXYI E 21 51 31

1 u Idu 11 1
61
174

0

Cov Ix Y EIXY EIX ECY

0 0

0

X AND Y ARE UNCORRELATED

BUT Y X2 ARE CLEARLY DEPENDENT

TIONLINEAR RELATIONSHIP
CORRELATION CAN ONLY DETECT LINEAR RELATIONSHIPS LN YOU SEE IT NOW

EXERCISE PROVE THE ABOVE THEOREM FOR THE DISCRETE CASE

UNCORRELATEDNESS OF A SET POSSIBLY OF SIZE 2 OF RANDOM VARIABLES

DEFINITION A SET POSSIBLY OF SIZE 2 OF RANDOM VARIABLES IS CALLED

UNCORRELATED IF THEY ARE PAIRWISE UNCORRELATED 1 E LET



5 Xp Xn BE A SET OF N RVS 5 15 CALLED

UNCORRELATED IF COV Xi Xj 0 f i j 1 n

REMARK RECALL THAT UNLIKE UNCORRELATEDNESS PAIRWISE INDEPENDENCE IS NOT

SUFFICIENT FOR MUTUAL INDEPENDENCE

OBSERVE THE FOLLOWING

Cov Y Utv corcx.us Cor x v Corcy u Corce v1

PROOF CONSIDER

Core XTY Utv E XTY VTV E Y E UTV

E XVI E XVI E YUI ELYV

E X ECU EIX ECU E Y ECUI ECY ECUI

E XVI EIX ECU E XU E X ECU

E YUI E Y ECUI ELYV E Y ECUI

Cor x U Cor x v Corcy U Corce v1

Cov tax b cytdl accoucy Y a b c d ARE CONSTANTS

PROOF EXERCISE HINT VERY SIMILAR TO THE PROOF OF THE VARIANCE OF A

RANDOM VARIABLE IS AFFECTED BY THE CHANGE OF SCALE BUT NOT

OF THE ORIGIN



var 1 4 Varix Varly 2 Cov x Y

PROOF CONSIDER

Varcxtyl Cor Xtr Y

corex x Cov X Y Corly x cover y

Varix Cov X Y Cov X Y Var let

Varix Varix 2Cov X Y

IF X AND Y ARE UNCORRELATED THEN Var X Y Var x1 var ly

PROOF EXERCISE HINT FOLLOWS DIRECTLY FROM THE RESULT ABOVE

Paxtb cytd ex y For a c 70

PROOF CONSIDER

ORIGIN
Cov axtb CY d

SCALE_Lyfcy d accoucy Y

FUNCTION OF X var axtb var cytal Ja var x c var y

REPRESENTING THE CHANGE
ac CoulxY COV X YOFORIGIN ANDSCALE

ac var x var y J var x var y

ex Y

STANDARDIZED
VERSIONI

X STAYARDIZED
VERSIONOFY

ftp.ei Fe exitsta a iti i c



PROOF CONSIDER
CHANGEOFORIGIN

cor cor

CHANGE OF SCALE

CorX Y
expTxTx

RANGE OF THE CORRELATION COEFFICIENT

THEOREM 1 Pyy 1

PROOF THE PROOF FOLLOWS from the _yym
E 00k

RELATED TO THE TRIANGLE INEQUALITY

PERFECT NEGATIVE LINEAR RELATIONSHIP PERFECT_Posal1ELINEFRg.glmEfAat19NgsH1PYaxtb FOR some alo

WEAK STRONG VERYSTRONG
NO LINEARRELATIONSHIP

1 in PERFECT
1 7 5 0 3 5 7 1

MODERATE

NEGATIVE POSITIVE

EXERCISE CALCULATE THE CORRELATION COEFFICIENT Pxy BETWEEN THE HW

SCORE X AND EXAM SCORE Y FOR THE FOLLOWING DATA

HW SCORE X 9 10 7 5 8 5

EXAM SCORE Y 8 9 6 4 7 3

CLASSIFY Pxy INTO ONE OF THE ABOVE RANGES


