ECE 31> / MATH 362 PROBABILITY WwWITH ENGINEERING APPLICATIONS

LECTURE 31 JOINT PROBABILITY  MASS FUNCTIONS

. toeics 10 COVER (BASED ON (H hkZ)

< JOINT PMFS

- JOINT PMF9S

X AND Y ARE TWO  DIsCRETE -TYPE VS DEF(NED OVER THE SAME (PRD®. (sPACE

(a,&F®. x: N — R AND Y: o — R

THE JOINT PMF By OF X AND ¥ 15  DEFINED A5

By (% V) = Pix=w , Y =v} FoR ANY (U ,v ) € ®E
2

DETERMINES THE ((PRDBS OF ALL (BVENTS ASSO CIATED  WITH X AND Y

A5 X AND N ARE BDTH DISCRETE-TYPE, THERE 15 A (FINITE OR (COUNTABLE (SET

OF PDS6IBLE VALUES OF X, DENOTE THEM  BY U, Uz

J )

SIMILARY  THERE 15 A (FINITE OR (COUNTABLE (SBT OF 0DS5IBLE  VALUES OF Y,

DENDTE THEM  BY v, Vg,

> 5VUPPORT OF § (Wwi,v) @ b=y 3= 14,28 15 AT w0sT

p?‘,\’

A COUNTABLE SET !



LONGIDER THE (EVENTS OF THE FOoRM B = &Y= v 3= u7,..

NOTE THAT THESE (BVENTS ARE MUTUALLY EXCLVSIVE .

ALCO  CONGIDER THE @BUENT ®= 3Y ¢ 2V v, ..}} . NoTE THAT @R =10.

Ey =012 AwD F FORM A PARTITIODN OoF N , . g,

A #,. . - ACARTITION oOFN THEN @®ch @ B= L®a > B(@® = > P (@A)
[ [

HENCE VSING THE Law OF TOTAL PROBABILITY

¢ X=ut = (~U{X=u}nﬁj> U ( ix= utraiF)
J
7 Pex=u} = ZPE x=utb Ej) + @( {x= ul@F)
=0 A5 (PCF)=0
7 PeLXx=u}p = ZP {X=wn,Y=v3%

J

PME OF X ' (MARGINAL (PMFE OF pX,Y FOR X

I-E. \—’bx(“) = .ZP{XHMY: 5t = pr/\((u/"j)
J

J

B () = Z@® {x=ui,y=v} = %bx/\,(u.‘,v)

S(MILARLY,
12



IN  THI5 CASE Py AND Py ARE CALLED THE MARGINAL (PMFS OF THE

JOINT PMFE va

THE CONDITIONAL PMES ARE ALGD DETEARMINE BY THE (JDINT (PMF.

[/leap
CONDITIONAL (PME OF Y  GIVEN X = Ug Pyix-=u, ¢
Ple_u (V) = P % Y=v | X = I.Lo} P(,AIE) — P(M) WHE N BB >0
= 0
f P(®
v
ANDTHER NOTATION 7 b\([x( L) = P4eY=V, Xx= Ua¥ WHEN @5 %= Ued »@
Pex=uo?
- v, Wq)
(-E. leX(vluo) = PX,Y( 0 when Byo) 70
WHE N By (uo) =@, plem“") 15 UNDEFINED.
CONDITIONAL (PME OF X GIVEN X = Vvg Px(y-v, %
By (w1ve) = © (14, v.o) (Vo) 7@
x 1Y 0) = *X wHen @y LYo
R (Vo)

WHE N Pylve) =@ , pXIY (UlVvg) 15 UNDEFINED.



(%,Y) HAVE THE JoINT (PME  G\WEN BY TABLE U4-I

EXAMPLE . LET
. o . Z\/pX/Y
Table 4.1: A simple §joint pmf. Row Gom @
=3 0.1 0.1 02 « P4y =3%
Y =2 0.2 0.2 0.y &(PLy=2%
Y =1 0.3 0.1 04 e (PeY=1}
| X=1 X=2 X=3 L
\/-5UM DF ROW SVMS
COLUMN SUM 0-1 0-6 0-% “6UM OF coLumMnN SUMS
©58UM 0OF ALL ENTRIES
P PExX=1 = -4
i F@ex=at @ix=3 IN THE TABLE
a W e
2// re 8
pxyy(""v) / ’ p
1//,,,,,,,//,,;:/ ,,,,,,,,,,,,,,, ,l,
1 2 3 RZ
Figure 4.3: The graph of px y.
a B = @ Aix=w,v= o= Ty (W)
3 J
> P () = 01 Py2) = 03+ 02 ¢ 01 = 06
by(» = 0l + 02 = 03 * coLUMN sUMs”
> B = %P TR=wiv=vy = I @ (u,v)
=4 Py() = 03+ 01 = 04
By(2) = 02t @2 = 0y " (Row (sums"
Py(3) = 01 + 0 = g2



-  Pax=xy = px,\((" Do+ By (z2) + By, (33)

= 0 + 0 + g = 0-2
> ®Pixyyy = px,YU’ Do+ By () px/\{(a,z)
= 93 + 0l + 9.2 = 06
- w
- leX(VlMO) - pX/Y v, o) WHEN [Py (Uug) 710
Px(u())
By iy (VD) = By (V2
Px(z)
[
By (112 Pry L112) _ S -
Px(z) 06
_ 2
P (212 = pX,Y( ,2) _ ® - |
Px(z) 06 3—
— 3, 2
Py (212 = pX/Y(' ) = o1 =

Px(z) 0-6 6



NECESSARY AND SVUFFICIENT (ONDIT\ONSG FOR p TO BE A VALID GToINT (PME

. PMEIL P 15 NON-NEGATIVE.
- PMFIZ THERE ARE (F(NITE ©OR COUNTABLE SETS 44U, Uy .. t AnD
§V,, Vo, ... § SUcH THAT P(u,v) =@ 17 X £ 1w, Uz, t OR

F ¥ & LV, Vs, .}

. PMF.3 %? B (ui, V) =

PREVIOVS EXAMPLE , CHECK THE

w

EXERACISE - FOR THE (JOINT PME IN TH

ABOVE PROPERTIES.

(NDEPENDENCE (0F Two  DISCRETE-TYPE RVS

TWO  DISCRETE-TYPE RVS  ARE (INDE PENDENT (E

U.i) PX/Y (wVv) = IDXU.LI PY(v) af (u,v) € IRZ

NOTE THAT  WHEN (W,v) 15 UTS(DE GUPPORT OF [Pyy , THE ABOVE (ONDITION

15 0 = 00 . TRIVIALLY TRUE.

HENCE (T 15 SUFFICIENT To VERIFY 1T FDR  THE (SUPPORT oF @By y :
/

L, v) 0 =y y=1,2



FURTHEQ NOTE THAT: By (VW) = B B (VIW)  ween B ) ~e

UNDER (INDEPENDENCE ° PX/Y (wv) = P)(Lu)- PYCVD ¥F (u,v) € R%

INDEPENDENCE (5 EQUIVALENT TO

(1-2) p“x (viw) = pY(v) WHEN bxw) 70

wHEN (B (u) =@ INDEPENDENCEY HOLDS TRIVIALLY A5 W 15 OQUTSIDE THE  SUPPORT

7

0F By AND  ALSO (U, V) 15 ALSO  QUTSIDE THE sSUPPORT oF Py y ¥ V.

EXEQCIGE:  FOR THE DISCRETE-TYPE RVS X AND Y IN  PREVIOUS BEXAMPLE , CHECK

THEIR (INDEPENDENCE VUSING CONDITIQNS (1:1  AND (12 -



