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-» JOINT CDF%

-+ JOINT CDFS
X AND Y ARE TWO  RVo DEFINED OVER THE SAME (PRD®. (sPAcCE (-, F°)

X £ — R AND Y: L — R

THE (JOINT (CDF FxY )3 X AND Y \6 DEFINED A5
P4

PixXL Wy, Y&Vt FOR  ANY (U ,% ) € RF

FXY (uo/ VO) .
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Figure 4.1: Region defining Fx vy (uo, Vo).

NOTE THAT THE JOINT CDF  DETERMINES THe (PROBS OF AL (EVENTS' CONCERNING

X AND Y. FOR ExampLe (P R 5 THE RECTANGULAR REGION  (a, bl x (¢, d],



THEN

Pilxvery = B, (b8) - & (bc) - By (a,d) + By (a,c)
A5  1LLUSTRATED N FiG. Y-2.
@ FX/Y (a/d) ’_\¢:. TC '.
@ .-
Figure 4.2:. P{(X,Y’) € shaded region} is equal to Fi y evaluated at the corners with signs shown.
THE JOINT CDF 0F X AND Y ALGD DETERAMINES THE (PROBS OF (BVENTS CONCERNING
X ALONE, OR ¥ ALDNE. How ?
PRDPOSITION. DEFINE Fy (u, w) = Um FX,Y (wv) FOR  ANY FIXED W
Al vV—rm
= JJ:M F (U‘IV) w 00 17 v
Fx,\((“’/V) g XY
- - D
THEN Be(w) = &, (W@ AaND (R (V) By (%)
‘ IR u
PRODF SKETCH :  INTUITIVELY By (W ) 1= Wm By (WV)

BY symmetey, &) = E (2 V).

Um Pixe w,Yev i

vV—ron

_E~— ALWAYS TRUE @ ()L
Pixsuw,Yews

PixXsw N N ¥ AN

Pixcul B (W

A ¥ Acn)



PROPERTIES OF JOINT (CDFg

YA
F. 0 < FX/Y(U,V) A R (u,v) €1R
wev e (E ls A (PROBABILITY € [0,\].
. ' > E_ (uy v
Fix v w>uy o B (u,v) 2 x/\,( 2,V)
i,

F.1 FXY(Ul,V) 16 NONDECREASING IN W  AND 15 NONDECREASING (N V
! —_—

X

WHY? B, 15 A CUMULATIVE FUNCTION. D _
. { .
FIxX w : v >V, . F;(/Y(u,v,) > f;/‘((u,vz)
F.3 F (uvVv) 15 RIGHT - CDNTINVOVS IN L AND (5 RIGHT - CDONTINUOVS IN V
PIA
wHY?  S5(MILAR  REASON A5 6INGLE VAR (DF.
- c - a, c >
& o a<b Anp ccd, § (bd) -® (be) -F (ad G, (14C) 20
S— __
——
WHY 2 REFER TO  FlG. U2 RECTANGLE INCLUSION - EXCLUSION  INEQUALITY
£5 Lim F (wv) =0 ¥ v ER AND Um ® (wVv) =0 ¥ weRr
w—>-00 XY V— -00 %Y
WHY 2 EUENT ASSOLIATED WITH ONE VAR BECOMES @ AND Ad= @ ¥ AEF.

U—=>0m V—om

WHY 2 BVENTS AGLOCIATED WITH BOTH RS  BEWOME ) AND 0O 0 = ) |

(T CAN ®E SHOWN THAT ANY FUNCTION (fF SATISEYING THE ABDVE PRDPERTIES 15

THE (J0\WWNT (CDF DF SOME PAIR 0F VS (x,¥). F.l-F.-6 CHARACTERIZE A JOINT ¢DF



EXAMPLE : CONGIDER THE FOLLOWING FUNCTION:

5Lu e -eY)
0

JOINT (CPF) OF TwWO INDEP-

F(uv) =

w>o V20,

BExP(1)  RV5 , OTHE RWISE .
LETs VBRIFY  THE  ABOVE &Ik PRODPEATIES FOR (F.
7
B 02 F(yv) < | ¥ (u,v) € R
0 Flwv) ¥ (V) &R
CEL i
—u AT
w,Vv 20 Flw,v) = (-e ) -eY)
— V—
79 Z0
7 (0
ODTHERWISE F(uv) = @ > 1@
Elu,v) 41 ¥ o w,v) ER
- W £
w,Vv 20 Flw,v) = (-eh)p-eV)
- w 4
A6 W,V — o @ F(wv) = (I-¢ J-eV) —s
—
— | — |
DTHERWISE F(uwv) = @ < |
Fo F(u,v) 16 NONDECREASING IN W AND 15 NONDECREASING (N V
DaAw THE (FUNCTION @ REFER TO THE (DESMOS (ILLVSTRATION .

ELGE  TAKE PARTIAL  DERWATIVES WRT W AND V RESPECTIVELWY

z\
= r~
0 Ef. = 1 (Ll—e"*)Ll—e'V)) - qu_e'V) > 0
ou ou 70 =)
!
y @ 2 (p-enu-eY)) :evU_e-“)7o
A
v Vv 70 >0
wHEN (B = @ 9% -9 Anp 2@® =0

u >0

u 70

7

AS FOLLD WS

vV >0

vV >0



F3 Fr(yv) 15 RIGHT - CONTINUODS IN W AND (5 RIGHT - CONTINVOVS NV

F 15 CONTINUDUS IN W AND IN VvV . HENCE, IT 156 AL50 RIGHT- CONTINVOUS

E.Yy IF 0n¢ b AND ¢ < d , F(b/d) - F(b/c) - F(A,d.) + F(a,c) PA)

CONSIDER F(bd) - ©E(bc) - @ (a,d) + F(a,c)
= U,v'\fi)t“e'd) - (-e®)p-et)
— e -ed) (- ) -ef)

—

= U-eP)[u-ed) - p-ef)] Fu-e)[u-ef) - p-e?)]

= U)ol ef] et [ec ]

[ce-a] [0 o]

SINCE 6 zcb e % 5 e'b > e_a_e—b > (0
d- . -C - ad -C -4
c < : e 7 € =z e - e 7 (0

- [eC-ed] [e'&'e'b] > (0

OTRERWISE  wHEN (F = ¢ : TRE (INEQUALITY 15 TRIVIALLY TRVEI



F5 Lim F(u,v) =@ ¥ v ER AND um @®(w,v) =@

u e IR
w—>-00 V— -00
e Bluv) = Wim (- -e) WHEN W20 V20
u—-g w—-00
o Hm i -eWum  (-eV)
- U -—r-om w—r-00
- (-Gme (clmeY) = (-0 (-0 =0
W —>-0 w—>-o

OTHERWISE F(uwv) =0 — 0 AS W —r —® ¥ W EIR

oY  SYMMETRY VU'” F(wVv) =@ ¥ ueRr
— -0oo

F-6 Lm Mm (Flu,v) = |
U= Voo

1

CONSIDER L m F(u,v)

w—>m0 V—owm

wm (bm (- e ) (0 -e V)

U—>mo V—rm

Lm L[ -t lL) Lim Ll - e‘v)
w—> o w— o

(- Wm e %) (- UmeV)

w— o w-—r o
= (v-0)(1=0) =|
OBTAINING (Fy  AND (Fy
Rlw = Wm ®& (wv) = Lm (-et) (1) = (g-et) lm (- e7Y)
V—om V — 00 V — o0
= (1-eY) (1- m eV) = (- e~ %) w0
V —> 00 ,
o

OTHE AWISE F)Q,‘( (wv) =0 — (@ AS VvV — o . Fx(u) = 9

{ -e™V, v 200,
BY symmeTry, (B (V) =

/ 0 THE RWISE .



EXAMPLE : CONSIDER THE FOLLOWING (FUNCTION:

| - e-Q.L-rV)
Fﬁu/v) = % ) w>o0 Vx>0,

OF THE UM OF TWwo
INDEP- EXP(1) RVS

(%213
0 , OTHE RWISE .

LETs VBRIFY  THE ABOVE &Ik PRDPEATIES FOR ().

NOT ‘A vAL\D ‘JOINT’ (D€ TdouaH A5 (Fi4) DDESN’T HOLD |

D ¢ B(wv) £ 1 ¥ (u,v) &R

e ®B(yv) ¥ W) e R

—lu+Vv)
w,v >0 F(w,v) = | - e
> 0 As e (u+v) Z | FOR W 7@ AND V >0
ODTHERWISE F(uwv) = @ > 10
F(u,v) 41 ¥ (4, v) €IR
—lu+vVv)
w, Vv %0 F(w,v) = t-¢
X - (u+v) —(utv)
AS u, v — o e — 0 > F(u,v) = | - e — |
ODTHERWISE F(wv) = (@ <« |
F.o F(uw,v) 15 NONDECREASING IN W  AND 15 NONDECREASING (N V
DRAW THE (FUNCTION : REFER TO THE  DESMDS (ILLUSTRATION.

ELSE  TAKE PARTIAL  DERWATIVES WRT W AND V RESPECTIVELW AS FOLLDWS:!

S A TR L R uwr@, V>0
u U

. .a,E = 2_ (l—e—(w."\/)) - e—(lL-I-V) > © u 70, vV >0
Qv v

wHEN B = © 9@ -9 Anp 2% -0



F.3 F(u v) 15 RIGHT - CDNTINUVODS IN W AND 5 RIGHT - CONTINUOULS IN VvV

F 15 CONTINUDUS IN W AND IN Vv . HENCE, IT 156 AL50 RIGHT- CONTINVOUS

F-y IF 0<¢ b AND ¢ < d , Flbd) - F(b’c) - F(A/d,) + F(G/C) L)

5HOW  THAT THI5 (DOES (NOT (HOLD |

A VAL\D (JDINT

CDF.

5 um ®,v) =@ ¥ v eR aAND Mm F(WV) =0 ¥ ueRr
w— @ V— -00
i B : - (w+v)
CONSIDER Lm F(u,v) Lm Il - & WHEN  w>0 V20

U—-mw w—>-00

Lm - (WFV)

OTHERWISE F(uv) =(0 — (0 AS W —r — 00 ¥ n elR

BY  SYMMETRY VU'" F(WwVv) =@ ¥ ueRr
— -o0

F. 6 Lm (Mm Flu,v) = |
U= V—om

1l

CONSIDER Lm (um  (E(u,v) im (Lim (1 -V
w—=>0 V—owm U= V—3p

_ 1. (Wm Lm o ( V) )

U= V—rp



