


















ECE313 MATH362 PROBABILITY WITH ENGINEERING APPLICATIONS

LECTURE30 JOINTLY DISTRIBUTEDRANDOM VARIABLES JOINT CDES

TOPICS TO COVER BASED ON CH 411

JOINTCDFS

JOINTCDFS

X AND Y ARE TWO RUS DEFINED OVER THE SAME PROB SPACE R F P

X I IR AND Y 2 IR

THE JOINT CDF FXY OF X AND Y IS DEFINED AS

Fxy UoVo P No Y V0 FOR ANY 140V01 1122

PROBABILITY OF XY FALLING INTO THE SHADED REGION

IN FIG 4.1

c 3

NOTE THAT THE JOINT CDF DETERMINES THE PROBS OF ALL EVENTS CONCERNING

X AND Y FOR EXAMPLE IF R IS THE RECTANGULAR REGION a b c d



THEN

P XY ER Fyy b dl Fyy b c Fxy laid Fxy la.cl

AS ILLUSTRATED IN FIG 4.2

Exielaid
d

iiiiiiii.li i i t mmc

Expelaid
ii iii i.fi xelbial

THE JOINT CDF OF X AND Y ALSO DETERMINES THE PROBS OF EVENTS CONCERNING

ALONE OR Y ALONE HOW

PROPOSITION DEFINE Fy 14,01 fins Fx 14V1 FOR ANY FIXED U

ExylaV1 time Fxx Uv V

THEN FyCUI Fx 4,001 AND FYCH Fxy 00 v1

PROOF SKETCH INTUITIVELY Fx 14,001 fins Fxy14101

EIPEXEU.VEV

P u JETT
ALWAYSTRUE R

P X U As AR A A 2

PEX U Fx14

BY SYMMETRY FyV1 Fxy 10 V1



PROPERTIES OF JOINT CDFS

F I O Fxy U vl 1 F a Vl E1R

WHY Fyy IS A PROBABILITY E 0,1

remain iitit tiii nn

WHY Fy 15 A CUMULATIVE FUNSTON

Eytu nt EytuT

F3 Fyy U
V 15 RIGHT CONTINUOUS IN U AND is RIGHT CONTINUOUS IN

WHY SIMILAR REASON AS SINGLE VAR DF

F4 IF AL b AND C ad

www.eertoma.ae iii iIeiii e

F5 ftp.oFyycuiul 0 VEIR AND oligoFy Cuv1 o f u eir

WHY EVENT ASSOCIATED WITH ONE VAR BECOMES 0 AND AD F AEF

F 6 11m time Fxy14V1
1

WHY EVENTS ASSOCIATED WITH BOTH RVS BECOME 2 AND 21 2

IT CAN BE SHOWN THAT ANY FUNCTION F SATISFYING THE ABOVE PROPERTIES IS

THE JOINT CDF OF SOME PAIR OF RVS 1 14 C.GEIIFCHARTZEJOCD



EXAMPLE CONSIDER THE FOLLOWING FUNCTION

team en en
Inis

LETS VERIFY THE ABOVE SIX PROPERTIES FOR F

F I O Flu vt I F CaV1 E1R

O FLUVI F UVI E1R

a.ro man EEELET

OTHERWISE FIUV1 0 0

Flu V1 I UV1 EIR

U V30 Flu v1 1 e 4 i e v

as u o Flavi LET gÑ_
OTHERWISE FIUV1 0 1

F 2 FLUV1 IS NONDECREASING IN U AND IS NONDECREASING IN

DRAW THE FUNCTION REFER TO THE DESMOS ILLUSTRATION

ELSE TAKE PARTIAL DERIVATIVES WRT U AND V RESPECTIVELY AS FOLLOWS

3 Ich e nu e nil g LEE o u o v70

JE ch e nu e nil egley to uso v70

WHEN F 0 IF 0 AND IF 0



F3 F U V 15 RIGHT CONTINUOUS IN U AND IS RIGHT CONTINUOUS IN V

F IS CONTINUOUS IN U AND IN V HENCE IT IS ALSO RIGHT CONTINUOUS

IN U AND IN U

F4 IF as b AND c a d F bidl F b cl Fla dl F a c 30

CONSIDER F bidl F b cl Fla dl F a c

Lell e d Lela e c

Let e d Let e y

Letter e d a e at health e c 4 e d

u e bleed t e alleged

Eee e a e t

SINCE acb e a e b e A e
b

o

cad e e d e e
e d o

e c e d e a_e t o

OTHERWISE WHEN F 0 THE INEQUALITY IS TRIVIALLY TRUE



F5 hims FCUV1 0 V EIR AND ftp.oFCUVl ofueiR

CONSIDER time FCU ul time l e 4 1 e v WHEN u so v70

11 nl e 11,11 e v

11 11,5 1 11,5 1 11 1 1 0

OTHERWISE FLUV1 0 0 As a 00 F U EIR

BY SYMMETRY ftp.oFCUIV 0fUEIR

F 6 11 time FluV1 I

CONSIDER timeY1 FluV1 alimating i e w i e v

11 ol e 411,11 e v

11 115 115
1 0 1 0 1

OBTAINING FX AND FY

Elul time Explain fing l e i e v1 i e l fing i e v1

1 e 1 1may
11 e at uso

OTHERWISE Fyy 4,01 0 0 AS V 00 Flu 0

BY SYMMETRY FyCu
1 e V V30
0 OTHERWISE



EXAMPLE CONSIDER THE FOLLOWING FUNCTION

EE.inE tistwobFcam is

gverlfy
the above six properties for F

attitificeselittitating
O FLUVI F UVI E1R

U V30 Flu v1 e 14th

0 As e V1 1 FOR USO AND V70

OTHERWISE FIUV1 0 0

Flu V1 I UV1 EIR

U V30 Flu v1 e 14th

As u v 0 e tut
0 Flu v 1 e v1

OTHERWISE FIUV1 0 1

F 2 FLUV1 IS NONDECREASING IN U AND IS NONDECREASING IN

DRAW THE FUNCTION REFER TO THE DESMOS ILLUSTRATION

ELSE TAKE PARTIAL DERIVATIVES WRT U AND V RESPECTIVELY AS FOLLOWS

ZE i e intr't e tutut o u o v70

JE i e int e tutut so uso v70

WHEN F 0 IF 0 AND IF 0



F3 F U V 15 RIGHT CONTINUOUS IN U AND is RIGHT CONTINUOUS IN V

F IS CONTINUOUS IN U AND IN V HENCE IT IS ALSO RIGHT CONTINUOUS

IN U AND IN U

F4 IF as b AND c a d F bidl F bict Fla dl F a c 0

SHOW THAT THIS DOES NOT HOLD

Eternities
F5 hims FCUV1 0 V EIR AND jig FCUv1 o f weir

CONSIDER hime FCU ul time l e
V

WHEN u so v70

1 11 e 14 4

1 1 0

OTHERWISE FLUV1 0 0 As a 00 F U EIR

BY SYMMETRY ftp.oFCUIV 0fUEIR

F 6 11 time FluV1 I

CONSIDER find 11 Flu v1 align time It e tutti

1 11 11 I e tutu

1


