ECE 213 / MATH 362 PROBABILITY witH EN GINGERING APPLICATIDNS

LECTURE 10: THE LAW OF TOTAL PROBABILITY BAYES THEOREM =~ AND INDEPENDENCE OF EBVENTS

. toeics 10 CoveR (BASED ON CH 2.10)

> THE LAW OF  TOTAL PROBABILITY

—» BAYES' THEOREM

- (NDEPENDENCE OF EVENTS

> THE LAW OF TOTAL PROBABILITY

CONSIDER (EVENTS E,---, Ek SUCH THAT Eingy =@ ¥ Li=1,. k i#)
) :
Uﬁi = _0_
PART| TION OF L 1=
A
K
CONGIDER " P(n) = P( V E;) = P(B) + PE) + - + PLE) AXIOM  P.2
(=]

7 P(E) + (PGB +- + PUE) = |

NOTICE FRDM THE ABOVE VENN DIAGRAM:

A = @AE) U AEL U ... UAER AE, , ABy, .-, (AEy ARE DISIOINT AS E By, ..., (B ARE
> P(A) = @P(AE) + PCABZ) + - + P(AER) AKioM  P.2
DEeF: OF
= (PCAE) P(E)) t (P(AIE)) PlEn) + --

+ PCAEL) P& COND. PRDB.



ke
OF TOTAL PROBABILITY .
P(A) = > P(AE;) - P(E;) THE  LAW (1)
L= TOTAL PROBABILITY FORMULA (TPE)

RECALL, IF (P(A) #°0 :

P(AE;) . DEF OF (OND. PRDB.
P(E; I'A =
_ PCA\E1)~P(E'I) . DEF-0f COND. PRDB.
P(A)
p(EI.(A) = PEAIE) (P(E) ' (TPF : BAYES  THEOREM
3
Z P(AIE) P(E)
-

EXAMPLE - < E) : oiN (i (5 (CrpsEN iz 1,2 P(E; )= —'5 ) (P(E2) = —:—
SIS A - HEAD PAIE) = L , ®P(AE)= L
EXPERIMENT 3 4

TPF
P(A) = (P(HEADP) = PCAIR) - (PB) + P(AIER)-PCE,)
1 1 ] y
= —. s + i . — : A
5 5 ’ = (i)
\'_'_V—/
(i)
PLE I ~) = (P (X0U (CHDSE COINL | EXP. RESULTED IN A HEAD)
- PUEA) . DEF. OF COND. PROD.
P(A)
PC(AVE) - P (1)

= . BAYES’ RULE
PCALE)) - P(B) +P(AIE)  P(B)

= cii)

(iii)



INDEPENDENCE

OF EVENTS
RE ~ (0a,§ ®) Two EVENTS A oamd B
P
1- P(A) >0 P(BlA) = _C;,.E) VEF. OF COND. PRDB-
P(A)
Qv
. WE CALL B To (BE (INDEP. (OF (A IF P(BIA) = P(B).
KNOWELEDGE OF A HAS ND EFFECT ON B
Now, (P(BIA) P(ae) = P(®) UNDER (IV) : (B 15 (NDEP. OF A
P(A)D
7 P(AB) = P(A). P(B) ((11)
ASSUMIN 6 (P(B) 70
w)
S(MILARLY | WE CALL (A T0 B INDEP. OF B IF P(AIB) = P(A).
KNOWELEDGE OF B HAS ND EFFECT ON A
NOW, P(AlB) = P(AB) = P(A) UNDER (V) A |65 INDEP. oF B
P(B)
7 PLAB) = P(4). P(B) ( i2)
D1
14 and 12 e exoctly 4 some | e, UnDER  (P(A) »D AND PUB) 70 :
IND- OF A FROMB (V) : ‘p(A|g) = P(A) > P(AB) = (P(4). P(B) (1)
(iv) IND. OF B FROM A P(BIA) = P(B) > (erAe) -

P(A). P(B) ( i2)



D2

OF B FROM A
(v)

PCAB) = PA) P(B)

ALs0 .
IND- OF A FROM B IND.
(v)
= — 3 T ~
13 PCAB) = P(A) P(B)  THEN P(AIB) = PAY) oamd @P(B\A) = (B .
PRODF © EKERCISE(
IN SUMMARYX .
IND- OF ‘A FROMIB
(v)
~ —A- S
P(A®) = P
D1
OR % P(Ae) = P(A)\p(g)
yA
IND. OF (& FROM ‘A
()
p(e\A) = ‘e(®
l/so FAR
DEF. GIVEN (PCA) >0 AND @0B) >0
A andl B ARE  (MUTUALLY’ ((NDEPENDENT |F
2 . (PCA) =0 P(BIA) = UNDEFINED
CONSIDER  AS P(AC) = 1-PGA) = 1
DEF. OF COND.PROD-
' acene :
P(BIALY) = PlBAS = P(BA") (Vi)
P(AS) l
fj_Pj [,'Lme P-2
NOTE THAT B = (BA U (BA® > P@®) = PUBA) + P(BAS)



[//

DEF. A

PROPERTY 4.

PRDOF.

(Vi) = P(BIAC) = @(B) - PaB)

= (P(e) - P P®)

> P(eiac) - @) ~ ©®Pw =0

ALSD, P(A¢(®) = @AY ( EXERCISE)

IF WE USE THE

DEF. OF

50 FAR

INDEP.

[ FINAL DEFINITION

IN GENERAL [(P(A) 70 AND @UB) 20 ]

iF @A oand ® ARE (INPEP) THeN A9 and B

WE NEED TO SHOW P(AED) = (P& .CP(B)
CONSIDER & = AB U A%B
P(®) =  (Pag) + P(a“®)
7 P(ACB) = P(B) - P(AB)

= P(B) — °(r) - P(BD

= (1 - @) . PeB)

7 pP@acyp) = p(ac) B

HENCE THE PRDPEATY .

wd B ARE (MUTUALLY’ ((NDEPENDENT (F  (P(AB) = (PCA) P(B)

AR AlsD
AXIOM  P-92
INDE P.

INDEP .

OF (A avd B



PROPERTY 2 IF A ad @& ARg (NDEP > A and B  ARE (NDEP.

PROPERTY 3 F A wd B AR (NDEP. > A oavd B ARE (INDEP.
DEEINITION * A, B, AND (& Acee PAIRW|SE  INDEP. &
k/——’_\/_"/
PlAB) = P P(B)
3 EVENTS
> (i) PAIRS = 3 p(BC) = ?(B)- P(C)
PAe) = P0W) - PeE)

STRONGER THAN (PATRWISE (INDED

DEEINITION * A, B, ANd (L Ace INDEP. 3
BiAB) = P P1B)
p(ec) = @18 -(P(c)
P(A0) = P(a)- Pcc)
P(ABC) = (P(A)-(PC8) -PLc)
OBSERVE THAT . INDE P. > PAIRWISE NDEP.

PAIRWISE \NDEP. 2> INDEP.

(%)
PROPERTY 4 A, (B, AND (€ ARE (NDEP. THEN (A 15 (NDEP. OF B-C.
— ~—
PRODF : L? PCABC) - PA)- P(B). PCC)
—_—

*
> P(ABL) = PRA). P(BC)



(*)

PROPERTY 5 A, /B, AND (C ARE [INDEP. THEN A AND BUCL ARE  ALSD (INDEP.
— ~——
PROOF * WE NEED TD  SHOW: P(A BUC)) = @P@W -PleLC)
CONSIDER - P(@.@ue) = @P@w v ac)
ADDITIDN
THEOREM
= PC(AB) + P(AC) - P (AB-AcC
ABC
(%) Cx) )

= P(A) P(B) + PLA)-PCC) - P(A)- P(B) P(C)

= P(A) [(P(B) + P(C) - ®(BC)]

ADDITIDN
THEOREM
> ®(@&.@ue) = P(A) P(BUC)
FINAL  OBSERVATION: W (A8, ANp (¢ ARE (INDEP. THEN A (or A¢) 15 (I6NDEP. OF any

EVENT FORMED USING SET OPERATIONS ON (B and(C .

STRONGER THAN (PATRWISE  INDEP:

L/\_/

DEFIN (TION. Ay, Ag, -, An ore INDEP: (F
Py Ay, - Ey) = @GP - P&k

n mn "
THERE ARE (z> t (5) o+ C_,,) CONDITIONS
[\/WEAKEa THAV (INDEP.

DEFIN(TION. A, Aq, ., Ap one PAIRWISE INDEP:  (F
PCAy Ap,) = (AR ) PCAL,)
1 L L‘ 4 Ll é Tl

n
THERE ARE (7_> CONDITIONS



INDEPENDENCE OF RANDOM VARIABLES

DEFINITION . RANDOM  VARIABLES X auwd VY ARE (INDEP. (F ANY (EVENNT OF THE FORM (K EA

15 (INEP . Of ANY (EBVENT O0F THE FORM XED.

XEA = qw: XweAs eF
YeEp - jw: YW eBY eF
Pi XeEA ,Newt = PixeAy. PiveBs ¥ A BCR
PROPERTY IF X od Y ARE (INDEP: THEN
pax=, €293 = (Pex=103 ®iY= 37 i, emr
- -
e / /.
ot pmr ¢ B (1)) B () wPMFQ OF X amd ¥
PROOE - GIVEN THAT X AND Y  ARE (NDEP.
PL(XeA ,Yert = [@PuxeAy. PiYeBS ¥ A BCR
Thke A= &t B= 3% I,] €R
pax=i, ¥=33 = Pex=03 PiN=3?
PROPERTY - I\F pix:i,/ Y=3%} = PLX =17 PLY= 3¢ i,y eR
-

_—— /)

7 / /

ot pme By (V) B BO) ™ —purs ok x ana v

THEN X ond. ¥ ARE (INDEP



PROOF WE NEED TO SHOW:

PLXen,¥eBt = @PixEAY. PeB] ¥ A BCR

o b2

CONGIDER !

> Pix=i, ¥=}]

(L)) LEA,JEB N

PL XeEA, YeBE

(e

- > PixEinpwEdd

({’/:])7 LeA, J €d

- I Ex=iy. = enEn)

LI LEA tjen

7 P11 Xer, veos PEREAL. PIxE BT




