LECTURE 8 ( Fcb*rumllz)

TODAY | BRP vs PH

First, let us introdvce +the motivations behind +his q/ue.s%u'on ond the COmFIexl't-j/
class PH which stands for fhe polynomal hfemrchy ahd contalhs P,N?. coNP

We have seen some ewvidence in the fmfm o:f- oracle Se_jDaYa{TI‘OHS that BQP
cannot Solve NP—(.om?ld:?_ Pfobl(’.m_\‘

So, if not NP- comFlttc Froblernr, what other Pmtc,h'ca( Problems m'gN‘ be
?

candidates for quantum advan%age.

O NP- jntermediate Prc)blems 1 this incdodes ch&oﬁng, Graph isomorphism,
Lottice prob(ems but we don't khow +oo
many NP- intermediate Problenq_c

® Something ovtside  of NP e.pr in PHZ?
This is one of the fist motivations for studying- the BQP vs PH question

The other s velgted to geth'ng better evidence that BQP cannot <olve NP
com,:]eJoe problems , for instance,

If NPS BQP ,then a widely believed conjectore about the
“collapse” of PH is false < Note that theve ave no ovacles
n ths statement

This also vegives o 4o fick understand the BQP ve "PH poblem
Another motrvation is rela{'ed fo e @uesh'on :

Can quatum coppoting survive P=NP .7

ie. even if P=NP, does BRP#P 7

The answer is NO , i BQP < PH

So, we must seek some evidence that BAQP £ PH

In the next couple of lectotes , we are going o see sorme heunshc evidene
for Anis in e form of oracle sepavation : 70 ct. BRPOL PHC.

This is one of the major results in the last five years Froved by Raz & Tal
and was a open problem for 30 years



What is the Po{ynomiat hierarchy ?

let uvs firsk vecal P = languagres decided by a p0ly-TM M
x€L < 3 poy-T™M si. Mx)=1

NP= languages wheve there is an efficient certificate
that Poly-TM  accepts

poly (1)
XEL & 3 We {01} st. M#xw) =1

SAT is Np- CO'mP,E‘f:e— where w = sabisfying assghment

Now concider the following'  problem :

L\

ZZSAT = Given a boolean formula (P(’Xl---—”‘n: y.----y,,)

"

Y x Jy st Plx,y) =1

This s a very natural problem  bot t is not obvious f 4uis in NP
but if we cdefine +the following' omplexty Clss

2

v o= langugpes st

xel < #w, Ju st. MOx,w,u)=1

>

:[Iof this class .

Then S SAT e 2’: and one can alo show that '+ ic a ComFIe’ce Problem

Z,ZF is called the second level of the Polynow‘al hfevarc}_yy

: P
In general, one con define 2. = languages s.t.
xe L Fu, ¥w Iu st M(x w,u)=1

with com?)elce onHem %SA—T and so on Sfor highef levels

Polynomial Hierafc,hy IS clej—ined ds

PH = Q Z’LP where £°P=P, i:-‘-NP

Tt is believed that each level of the hierarchy is distinct
P=NP means the hievarchy collapses to the zes™ level

SO, a wegker fo{m of the PF#NP Con)'QC‘foQ s that ZiF#‘ 2:_31 ‘jG'Y Some anH:QL

®



Ancther eguivalent defintion of PH s in tevms of orac(es

P
P NP 8 NPN

S = NP 5 = NP and so on
Thee are more eguivalent definrtions [ consott the Arova- Barak textbook. ]
Our goa( s o show 4that 3 oracle O si. BQPD_¢ PHO
This involves  showing:
() 3 a polynomial query gQuamtvm algorh‘hm that can query 0 and Sofve he problem
(2) Nd PH-machine. with query access o 0 can sove the problem
To show (2), it wifices ® stody AC® circorts — these are constant degth circorks

wheve +the botiom (ayev is (nPut Oy ¢S negah‘on , ond evevy other alfevnah'ng— layev
Consists  of AND or OR gote with unbounded fan-in

% _:
' %ﬂ\

Connection between PH-oracle machines ahd AC’- circorts

Consider the lanpuage L°= {1 | O on Inputs of lenpth n has some propery §

Let MP be o PH-oracle machine with k quqn'l:l‘:ﬁ'evs 'makinbo qperies to ovacle
O on inputs of length < p() =poly () in time  pln) -4Cn) = poly(n)
. , . . lylog(N)
—n\eh, 3 an AC-circort famlly with lnru’c N=2Pcm bits | with dcr’ch k+1 , Size ZPO d
thot oul:Fu{-s the same answer

In Fa—{Ht_olcw’ suppote we vew M gs reada'ng— bits of the truth table of O
which has sze 2f™ =N

M asks for a bt Len) by giving tbs binazy descn'f{;:'on and Oracle gives OG)

Let os denote x .- Ky= O0),..... ON) +to be the truth table of O



Then, the AC™ circort Llooks Lke

: ? \; . polylogr (N)
; L Size= 2

c\e.P{:h k+1

Why shovld this be the case ¢
. P ,
To see this, we consider ZL— ovacle machines , 0ka, NP-oracle machines

These vle o single 3 quantifier and give Tise 4o @ depth- 2 ACC-cireort

“This will Introduce the key idea. In the genera( case —\When there ave & cluanﬁﬁ'ers
O6ne.  can eq;ily extend the ideas here to get o delal:h K+l circoit.

What does an NP® machie do on npt 1" 7

We have mostly use 4he characterization of NP- machihes \n derms of certificates
but here we will need 4o ouse 4he hon-determinism characterizotion

In Faw‘co(ar, o. deterministc ’[Zm'ng' rmachine ovr a{grori#;m on c'n)nd 1 h

guevies the oracle and depending on the answer chooses it hext step
de%erminisﬁmly

Ovacle

ey ] qutv

bt i onswey

Clrrent
state

A noh- deterministic agorithm con choose among several different "rext steps ’

Ths leads 1o many Pa’chs in the unde_rlyl'ng shate space gruph +that end Up in Qorl
(the answer)

®



Ovacle 1 l/ /Q - >@
w e AO =0,
T

Il

o ¥

(12

Lf ihPtd: 1" 4o the maching is in the 'andduage, then the guaram&ee Xy
that there is a path t#at ends in the answer 4

The path is of pt)gfn) =Poly(n) length and serves as o withess /certificate

If inrufc 1" is not in the lcxng-Uqgfc, theh al| paths end n 0

Now %o convert this into derth-Z ACO creort

let vs take any Fm’:h in the ‘state space ’ grqrh

I te Fa’ch qluev{es bits say 1,4, 10 and vecieved answers %X,= 0 %=L, A= 0

then we ach . AND gqbe_ os follow:

AN This pate ouvputs 1 Hf %=0 , A4=1, %, =0

We add suoch AND pates for each accepting path and then add o single OR gate
in the top laye? connected to all the AND gates

E S~ The OR gate checks if 2 poth
thot ovbputs 1

-—- - -y

AP Each AND g’at-e cmrre.c:rondr o

) 9 1 o b WO gae

hecking  all queries along q
_ l \ / [\ / \\_ Fath et;re_ Cons?;tcnﬁ wrh gWhat
%x, %y Ao Xs %6 %1 the oracle says.

Al AND pates topefher vemove all accepting odhs not comsistent with ovacle apswers

©



Overall , # Input bis Nz 2"
P(n)- gq(n) slylog(N) |
F# g’qtes < # ?orfhs = 92 v = Nq,(nD :NP 4 =2POY(N)
Dq?’ch =2

In genwal ,the same dea works if there are Kk quantiflers with each quanifier
gl\\l\‘\'\g’ Us a \4{7"9—7 Of AND ov OR gq'ter

To Prove H fO‘Yma“y, one nheeds the conchJt of al-éernab'ng —lt—)'(l'rf machines

whith o peneralization of non- deleyminisbic TMs  where seps are  |obeled
wWith cv;ah‘bi]g'em ,s0 we (Ove hot go'mg t0 cover 1t here

SQPO\YQﬁng’ uantom A(gorimms '{:rom ACb Circurts

With this connection, Roz & Tal showed the following”
Let x..... %y be the truth-talle of ar ovacle
A quantem algotithm can query bts in a Soyerfposfﬁo\o Via_ the phase ovack
L) — % 1D where € 313 4 qobits = log- N

An AC’-circort takes in infut X yeon Apy

Tern. 3 a - oblerm ot > called the Foorier Covrelation onblem
9 O 2

(o A elluantum algof;'thm can sole 1t with owne q,uev)/ with success

?Yobab{ ll‘*y
)

polylog (W)

—‘5_1— < One can make this L+0'1 bub s more

2 .
wm])h‘caJccd anhd we wont Covtr it heve

C Iyl .
(2) Any AC cirent of siee JoNE () has success PYOLO)Ildy

polylog (n)
VN

amost L 4+ « L, 1
=2 2

N 1, = 6(1)

—  Using dl'agoniwtion and above. connection between PH-gvacde machines
and ACP circot 4his imflies that

d 0 st BQPO% PH?



Fouviey (orrelotion or Porwelation Problem introdoced l:y Aayonson

2N ' .
Input Koy, YooYy €21 T One can encode this with 2n qubits where N=2"

Dec_(‘dQ |f <9(3H'\j> zZ 1 |'ACCQFL" H-; H@") fs ‘H’)Q
N 32log N Hadamard matyx
of $Sze N x2" =N xN
14, Hy?l ¢ 1 " Reject”
N 6‘l-log'hf
Nobe, 2. and ¥ o b vectors and H s a onitay motrix
YN VN
so, < X, H)P e [-1,1] Ao, hote <% HY = 3 %y, Hy
N N g N
Reject Accept
— 4_'—_____|
-1 () 1

Why e name ¥ H is also called the Tourier Tvancfovin matvix
and Hy is the Fourer ransform of y

So, we ave Checking if x is correlated with
the  Foumer trapsform of y

Connection to Quantom Circorts

A
0> — n* Ox H®" oy e

1LY = %1 ? Py, §>
The final ctate of his dveot ( before measurement) in the com]ou’ctﬂ'{'onal
basis  10), 10, - [N) |ooks Iike
G HyY 160 + D+ 12D+ ( Exevcise)
N

The omplitode of 107 is exactly the Quantity we ave intevested Ir

One can ovse this 4o come op with q l—c[/uer)/ q/gan:thm fbr
this ,OYOHEm that Sveeeeds with 'onbabllh"fy

+ L LK gHy? (Exe_rcfge_)

—

1
2 2 N

NEXT TIME Classical Lower Bovnd for Forrelation




