LECTURE 6 (Febvyary 5)

TODAY Oracle SePavaHons
BQP vs NP

RE CAP Simon's  Preblem

Given a black-box f: 1043 — fo,f" promised that erther
* f1s 1-{0-1
* OR 3 on vnknown strinp s #0 st. ¥ x#y , fx)=fy) ff y=x®s

H‘gwe. ot which case wWe ave in

— with constant eyvor
Theovem ca) 3 a quaktim algonthn soling the problem with ) queries
apartim algort g e p q
(Simon) (b) ahJ\l classical algorrﬂwm 're-cl/oife.s o(2"2) queries for constant ervov

From quety com)f’)exﬂ:y 10 oracle sefavah'ons 3 0 ond o langvagc Lo st. L% BRP 0
| L°¢ BPP°

How do we define input to e ™Y The Oracle © Handle all input (engths

This is achieved via a standard argume»-t cqlled dt’ago'nah';aﬂbn_

For avery n, let f, be troh dable of a fonchon f: {0)3" =107 2'n bits

fn ={un|'form -1 w.P.llz
unifofm Simon’s fn. W.p- Y,

Oracle O on lenpth n sting x  outputs  O(x)= f£e)

L® = 1" | 4n is a Simon functionf

\C\uim J S ?D[ 1 [fix:d B?Pomachine Ao decides Loc(wrecH)/ on 1h ¥n ?,1]325 ] =0

0 .
= JPo [SAPP machine A st . P [ A decides Lacorrcc:H)’ on 1" ¥nh71)? %] =0

Exexcise

: o . V) h ) 1
‘(’,lmm ?_S ED[ lPM[M decides L cowecﬂy on 1 V'ﬂ?xi] > 06 >,_7:

L, measvrement

= 30 st. L2 € BQP°
Lo ¢ pP° o



BQP vs NP Con qpantum comru’cers solve NP- wmyl&’ce Prob]tms7
ie. is NP & BQPT

Genevally , & is believed that the answer s NO and
{hese classes are 'mcom-Pawable_ and the pictore Llooks

like -he fo“ﬁw'\ng’

Now we Wil see Some heurishe evidence of 4his ih the form af ovacle
Sﬁfara’dOnS

BQP° & nPC 3 an oracle O and a language L st. ° GBQPO yet
L0 & Np°

This ic based on the cmn?leme_pt of Simon's ‘Fmblem

Oracle O on \ength n s’m‘ng % outputs OCx) = :FHC7O

(‘_os'l\'r\m'\(9 = {1h ‘ fn is a one-to- Ohe :func_hlor\}

Frst of all coSimor\OeBQPo since  Simon's a[gofl"thm works In
both cases with ’P{olaqlo{h'ty 72/

Why  complement © Because we. want to show coSimonDQL NP°
and the secvet string s i Simon's problem
canh Sevwe as a c.er{:ffu‘cah for an NPC- machine
But # is not cear that theve s any Short

certificate for the foct that +n is one -to-one

This time. we Wil conslruct the ovace adversavially (instead of Probaloiln‘s’cfmlly)

let ™M, ,M, ... be an enomevation of NP'- machines and et Pitn) be
the 4time that M. takes which Is some Poly(h)

M; can only query inputs of length pitr) on inpub "

We wi\l.lchoosc $. on lqvgrer and lqrgcr inrwl' leng{hs so that NP2 machine
will {aul.

Leb n; be the next inpet length m on which we. haven't defined the oracle
ond that sebisfies _g: > FCCH)L
2



. ) n¢ h, N X
o We wll choose an arb|’cmr_y one.-to-one fn. f‘—{O.IS — {08 and ’W)' Jcn; = f
* Run M; on the covrent ovacle on input L
[If it queries o defferent fnru{— length that s uhdcf“ned, sekt atb;tmrf\)/]

- If ™M, ou{\;u.b-s “{h s Simon's funct\'oh” — WwWe set ‘fh;'-"—f A& all theother
ih‘:ub \engths thet were ondefined & q’uen'ecl avbitrardy

* If ML oukbpubs “f is one-to-one +n “ 5 We choosz another Simon’s :fn
Haol (s consistent with  the NP—Cefh'ﬁ'co.’ce [which on!y depends on the ihPLd: q"¢
and the %U&f‘iQS) _ ' .
This is »Fosslble. sihce M only makes F;Ch) q/ue{l'es and if F;cm < _%'_‘
theve s o Simon's funchon consistent wrth the NP- certificate =
Now the same cevificate cavses M; to accept 1" which (s not in the language
By definition, any strng not In the lanpuage should not have any certificate

Overall, oov orocle C% row implies that M Hals on r‘ngtdz length n;
. o
Thus, Smon £ NP and thic shows that BQPO$ NP O

Can Quamum computers sove NP-hard Problems ? Ts NP° < BQP "
let us toke the SAT problem which is NP- complete

Given a boolean formula f (x,,..%) in vomables x,,_..xn € £0,13 each Eq.
chesk if it is sabisfiable (e. | 3 x e £0,3" such +that fx)=1 (X v, VX3) A (X, V)

Given an assigniment x € €0|l§n, ohe Can e—jﬁden%y check if £ is Sat;sﬁbble-

Suppose ohe has access 1o an Omcle that on lnput x , outpats fCx)
Deterministically i would take O(2") queres b check if § s satisfiable by brote- force

Can a quantom algori‘thm do belter 7

Theorem | (0 Grover's algoﬁ'\:hm solves the above problem wth 0@") quantom CLUQ,,‘QS
E\IVEJ\ o Uhi‘ww that imP\ﬁmEn{TS Ix, b? +— |9(,lp®f(fx)> orR %) __3(_|)+(X) (%2

(2) No q/uar\‘bom algori’chm can soive this in 0(2"") qluan'es
ie. 3 ro polynomial qoery quanum olpofithm dnob solves SAT

'Diagonaliza{:ion - NPO fed BQPO

From new on, we will onl\/ study these. q/uastions in the query model
These 'umr\y ovacle se_]:ara’cions via standard d(‘ag'onal'lza’cfon avgumen{:s as we
have geen, so we wil hot rpent them @



Grovet's Search Al gof'rthm

We wil consider a sim]?ler version Of -he ’wale_m
Suppese we have an ovacle O thot on ihrut- n implements f:10,23" — f0,13
such that ether £ =0 ie £ (s e all 2evo functon
OR  thtre is exactly one x* such that fOr*) =1
T— We call this the marked elemest
The. problem is 1o determine which type of fonction O was given

Quantom Algori-thm has occess 1o the ?hase ovacle U @ 1x) — C—I)W) 1%

This either does northing (if f=0) or adds a Phase to the marked element
Let vs focus on this case

Tdea Start with the unlEfOfm S\.[PeY]Dos."Hon over” qll inde;S xe $0,13"

{.e. ®n
LT )= W) =YY « Tutnl State
Jz2rn xefs,3"
= 1 |x* 29-1 L |
Ly = (J__ s 70)
R ['— |?/
ﬁh&) + 2‘;}‘ |e> P
tv‘lsz\x';l::o\ ,quﬂFas'tior\ over all unmarked state
Move the ampitvde to the matked element SIowly
Let vs write 9= sin (%) > + cos (%) 15> where  gin (2) = J;'_
Tnitialy , Our state looks lke this What  we ant
1o
o) o = 2 lquihul7
J2n
What can
P> we do ? \

Suppose we had access to the follouing dwo onitaries



Reflect about IBY in the ?anf(@,l(&)]-?lane Ra

Reflect aboot W)= " in Span {lo(),lﬁ)}—rk]ne R,

If we aﬂJ\j Rp ond then R, , whot hqﬂ:ehs?

Lo 1

Ve

19,
PR R Re \
Bl N k |9>

Suppose  we apply it aga'n \{L

o)

~J¥)
<>\ 1%

A{-ber k.- tevakions 5 Qngie becomes (Gx+1) 0
2

If Q)8 = T we wil get o fnal  state that has ]arge am))ln{ude
2 2 .
with the tmarked stote

Measoring e fingl state in +he computational basis pives vs #* = check 1}
FeA¥)= 1
= k= 2" itevgtions suffice to distin puish

How do we me))eme_nt the Teflecﬁons ?

®
R+ = veflection abovt 1) stake
No queries heeded, con be eﬁfcienﬂy frrr))lemtn’(cd (sec suP,alc_mcntary matenal)
by a circot as well



Rg = veflecjon aboot 187
Can be implemented by one query o Of

NEXT TIME This is the best one can do for 4he savch )afoblem

Any goartum a\gon'b‘!m heeds JZ_(Zmz) queries = NP(D$ BQPD

We will Intoduce o geheral +ec_hniq/ue s prove lower boond en
quantom a\gov‘rthms



