LECTORE 5 ( Jahvary 31)
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Theme {for the next few lectyres {uantum Ac{\/anlcage How 4o establich i+ ?
How o show that there s ho
advantage 7
What sort of structvre s
needed for quantom advantqge?

TopAY  Intro to ovacle &e/)arat[ons b guery comPIexit)/
BQP vs BPP

How do we show that BQP s more powerful than BPP?

or Other classical conq:lexl‘i} classes ¢
or that BQP can nhot Sowve NP-hgrd ProblemS-?

. Provfng’ unconditional .Sefam:h‘ons is oot Of reach

* Proving scFaraﬁons based on stnhdard assvmptions

such as P-NF, cr}/)olcogrqfhic as_cunyyHons
is also extremely difficult

« Oracle gr Black-pox sefaratt‘on_c - stil very d|'ﬁfcult n many cases

Show that 3 oracle O st. BQPS # BPPP

Disclaimer :  Orvacles increase 4he comFutqtr‘ona( power of closses differertly
So, this is only a heutyistic

For instonce s 3 c:omFltxfty classes A, B si. A=B
but 3 oracle O st. AV +30

S, what is the point ¢

Showing black-box sepava-h‘ons veduces 10 vnconditional selnqratlbns for qery algon'thms

— Unde_rstanding algorfthms‘ ih this sl'th':ﬁ'ed model giues seful algaf;'ﬂ)m)'c ideas
and can also lead to a candidate for gyantum qdvahtagc in the real-world

— If sepavations don't hold in the Simplified model, & pies indications thal new
Fn’ncif\cs ave needed 4o establish vnconditional Se})ara‘l:fons

Query Al gow'thms

Svppose Ine have an oracle O{ that comPufes f: £0,137 — {013

To vse. this ovacle as F&ﬂ: of the cluanh)m clycort wWe most clgcl.ne Q unl‘i:az’)/ U_Jc
that implements calls to the oracle

Moreover , idedlly £ we have on efficient quambim circort for  , we shoold be able
convert it into an efficient quantom circort for g

@



There are 4wo stxpdard ways of doing this

Bit orack Uy (x, b? = lrx b@f@c)? This is what we used befove

PhCLSe, oracle Vf x> = (- )fCX) lX>

Valve of f is veturned in the Flﬂase
Also, Sq{'isf(es \l;= Ve

Note that akthovgh global Fhasc;s don't matter f
\q: is opplied 40 a sopu])osltwn it con create velative phases

For exum]ﬂe ;O i3 o fo,5 is defived as fx) = %
Then, Vol o»m)) = 1> -0
2 NZ

The two ovacles are eq/u)valewl: in the sense that given access 4o one (and some ancillas)
the other can alo be implemented efficently

Bi ovacle 4o Phase ovacle
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U, [x00) = 12207

X7 = 1AL ®f(x)) This is called the

¥ .
Jz 2 Phqse, kickback 4rick
= [|x>1=-> ;f :f(x)= o)
1= f(0=1

Phase Ovacle to bit oracle Exercise

Ruery Complexity  Given black-box or query access to Up or Vg,
how many  queries heed 40 be made to the block-box
ih order 4o Sole o 'Probkm ?

If dasically , we need ex}:onmﬁ'aly many quenes but
c[,uqnf;vmly only polynomlally many

This js an evidence of guantom aloam‘hms hav:ng ah GXfonmilal
advantage in terms of query c_omflfx@/ for o problem



Moreover, query comF\exii;y SquvcrHon = ovacle separation

And W we can find an effn‘cient arewit, for 4he black-box or a hew c}uanh)m alg’owﬁ)mic
technique, this can én‘ve yise 0 veal-world onblems with fJDcha'cal cLuanb)m adv antage

For instance, Simor's Fvoble_m shows on exFOnchh'al Squrod:l'on in temms of clasS'cal

versus quantum  Qery complexity and  also inspired  Shor's algorrhm

Simon's  probler Given a black-box f: 1013"— fo," promised that erther

* fis 1-{0-1

« OR 3 an vhknown Stw'ng S¥#0 st. ¥ x#y , f&x)=-fy) o Y =x©s

H‘gwe ot which case wWe are ih

If we thnk of the hypercobe ‘Uu‘?h as beihg’ colored L)/

the corfesp onding {-valves, the first condition means

all wlovs are clistinet, the second means all pairs (%, x®S)
are colored with distinct colsr but +he cslor within @ ?air

IS the Same
— with constant eyvor

“Theovem (a) 3 a quattim algovﬂdwm soIV\'ng' the onblem with  On) quen'er
(Simon) (b) any  classical alporrthm  requives 6(2™) queries for conskant ervor

Al gorithm and does Some classcal Pogk— Proces:ing— afterwards
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Quqntum} The algov.'thm rons the following qluan{-dm circort  On) times
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Superpostion Over
inputs
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for Some random x
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Are we done heve ¢ Can we measure this state Ol Hmes

and obtain 8 7 Why NOT ?

*\ [}
Hadamard @ = 1 3 (c—))'x 4+ (=D (?es) y) ly7
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Measdre first @ = QGet a Unhform)y Yandom Y st. Sy = 0
n qubis = SY,® ... ®S,y, = 0

This is a vandom |inear equatibn over [,
i the vavables s, ,.... s, ¢ F,

If we have n-1 (fntaﬂy inde?enden‘f eqyucm‘ons S'y; =0 }_-a 2 solotions
we can solve for s S=0 & S+0

=) If we run this process O(h) times, we pet n lnearly |hde_IJendent
hnear equations with constant 'pmbabllﬁy

= If 3 non-ze0 solphon S , output that f is hot 1-1
otherwise . output that £ (s L-1

(Exercise ) Make the above vipoYOUs by showing that i we run the above
quantum circwit w =00) Ymes and Obtaln Y, .-y

Then, with high probabllity the system of linear equation over F
Sey =0
Sey, <0

* has o nhon-zero solvtion Iff § iS not 1-to-1

- oy has a zero sobdon ¥ fis t-to-1



Classical Lower Boond  Eveyy fandomized algoriﬂnm needs 11(2"*) queries

RQC\'EQ © Come op with a hard candidate distvibution on irl])ufs
‘- { unifovinly vandom 1-1 fonction w-p- Y,

uni forrn()/ random function sq{:r'sfyllhg- Simon' qu’kﬂ}/ w-p. Y,

@ Suffies to consider deterministic algofflhms

N

E,E |1 A\gof'rl‘nm with vandomness 2
f Y succeeds

>k g ful — 172

= 37 st. lEf ['HEAlgof}’dnm With randomhess ] 72
v Succeeds 3

(® Lower Bound for Defevministic algorrhms
e
Fist gquery  (x%,,Y)) —  No information about s since y, € 10,]
is unHorm

Second query (%2, Y,) — Ethe x® ¥, ° S ( collision) — W-p- T
or x®¥, +s (no collision)

)

can't dfs’cfnguish 1-1 infuts

kogqueries O M) e Oy )

Can’t  distinguish onless x;© % = v for Some pair (i)

=» P [ any clision amonp k quefies] = o(K:’ lz) whtre ke 2
27~ K loo



