LECTURE 4 ( Janvary 29)

TODAyl B&P and its ’fro;:u’h'e.s

RECAP « BQP= class of Fmblems that can be solved with bounded exvvor by Q P'um'fofm
guantum circort famely

Remark  One can censider the class EQP where quantom circorks sohve
the Frob[em exactly, but this class dcpends on the exact ente
scb vsed , 5O e hot very intcre,.s{;ing

. Bap ¥ - Bp?

BQP . L .
BQP = A BRP algonthm/cirait with g BRP oracle
k’—\/—/
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Eg. the algorl'thm can ask

6 2SAT formola is satisfiable

Let f&) be the answer of the decision problem the BQP svace solves on input- A

B&P , : : , L
B&P  circot can use he followmgr unitary gote i the cireort (apart from

the clandavd oniversal 2-local gq’cﬁs)

x> — 12 This gate is not local, solves the
oS \}—f o) Bap PfOBlem exac{:\y / ‘and can be
vSed N a superposition
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We khow that { can be comFuted wrth  bounded error by a BQP drwit j‘amtb:
To show +hat BaP "X < B&P,
the obvious idea is to use the BQP cirut that computes instead  of Vg

Let os call this cireot V)l



Can we vse Up to simulate the behavior of the (deal oracle Vp ?

Now there are two issves ¥hoat need to be handled
@) Evror : U, only computes £ wrth probability ’/% as opposed to Vg

Al we know about U is that
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@ Entangled Junk is also @ onble_m

For exqmr\e, Suppose in cdreoit ¢ (which pses Vg E—ates) ok ah Intermediode s{:ef
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But i we used U; | nstead
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For Instance, i Foo)=f&)= 0 This is a mess'
the state on -Eo? s <= Infoct, this stake may hot be close to
tehsor product the one we want

<~L be) +‘ IyD ® |0

but the state in the Uy civeoit
may be. very for fom & if \LVD)
and | %) ove orthogonal




How can we colve these FY&LLEms !

@ Eyvor — uUse am
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Fll;ﬁcwhon o moke ervor very small , ie. lo1” 7 1-2
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This means that the slate in the U_f Cirawt is exponenh‘q\\y close To
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—> ouvse a brick called uncomfu{:aﬁon

Recall that ony unil:ary UV ic veverable , its invevse (s A

?

What s the inverce of a quantum circut
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Now if we vyun U; followed by U-F

in ovr circutt abeove C(gnon'ng exporentially small evvor)
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“This veseds the “;)unh" to |107@10) --®10) which i Uhcrrbangltcl with the inru't J\:QY.QH)Q)
2
S0 we can how throw them away

But we alco yeset the 'ouant" qpbﬂ; o 0 and we want 4o keep it In ovder 1o
continue  the com]:urbation

This hos o simple Soluotion : CNOT +o “co[:y" the ou’cFut q,ubit o an extra ancalla
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Now we can thvow awaj the extva O ancllas ( since they are Onehtanéylccl
ond can carry on with vest of the comp kation

TThe exponentially omall erfar does not create o 'Prob\em ( exevcice)

Thos, BRIEY = BRP

Remark.

Above we hove assumed that all measwements thPP,n ot the end otherwice
the scheme above runs Ihto Prob\ems

This can oways be aswumed by the Pn'nu'Ple of deferred neasvrement
Which you Wil be asked 4o ):wov& in an ofrh‘onal homework exevecice

BAP and classical complexity classes

What is the smallest classical cnmflex‘rl}' class that contains BQP !
Tn other words, how e:f,qu'emtly can goantvm com}autcéc(on be. simolated classically ?

let vs start as croc\e\y as ’]oosslble_ and itercrtn‘vdy vefine ovr upper bovnd to smaller
comP\eﬁ‘cy classes

“[heovemn 1 BQRP € EXP— problems that can be Solved dete(minish‘cql\)l Ih exP(Pc\)!(n)) -time.

L
Proot The ctuan’oom creort QFFHQ&‘ vaitavies that (ve ih €% wheve L= de(h)

TJust write down these matrices and rnull:ifly them with the ih?ut state o

Can we do better ?



‘[heorem 2 BQP & PSPACE < EXP

Prog\c EXD(C,(SC

“Theorem 3 BQP ¢ PP & PSPACE SEXP  where PPz clags of 'Pra}:lems that can be solved
-bl/ c Pfobabﬂl‘stfc a(gOﬂ"thm with

ervor <1 co. L _27P) ly-time
r<l ( g2 )m poly~tim

Note that arth}Tcaﬁon is hot possible in PP
and NP = PP Why f

Proof ~ Let us use {H, CNOT, CCNOT} pate set
Rey idea  Wrtbe the final state as sum of paths on a tree
CNOT and CcNOT only Flip one gobit (1> —Hy?)
H s?ll"w the state into o SUFEXFOS;‘Hon with eq’uat rnagni)aude
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Cireoit with h Hadamard g'a’oc_s = Tree with Zh leaves
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At the Leaf of e tree s + ly3 for some ye 10,13
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label of this voot-leaf path |, label (P)

sfén of +his voot-leaf Yath , Sigh (P)

Then, the final state WY = L. S sion(p)label (P17
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_ﬂw_nj uf = 1 Z sign([:)-sign(?')

2h PP
Label (p)=label(p')= Y

1?[ BQRP algoﬁ’chm ou{ruts l_] A\P[BQP algof{ﬂrm Gu)cfuis o)
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PP algori’chm_ Randomly select two paths pp' in the tree
o If labels ave diffevent, just accept/reject wp. o

' I]r |abds ave same, 1 [(1abel(p)), = 07
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