LECTURE 3 ( J-ahuary 24)

[TopAy | BQP & its properties

We wall introduce gur Afirst complexi{:y class BQRP (Bounded RQuantvm POI)/nomial Time )

This cJass c_oY“/eSFonds to decision Problems that can be solved efflcleh‘ﬂy wWith q quanturn
cormputer and is the guantum analog- of the Complemty class P

First, let us vecall that a Fvoblem is n P it there is a deterministic Tuw'hg— Machire (TM)
4hat Solves 1t in Poly(n) time where n s the |'n,3u{; length

One can define BRP in terms of a quantum TM but this s not easy o defme be cause,
a q/uan’wm ™ dakes as m]nd: an mﬁnlte suferlaos:ﬁon over all Strmes f012°

We. will define BQP in terms of uniform cirewt famlies

Wuontum Ci rwﬂ

A clossical circolt on n bits applies elementary boolean gates (such as AND, OR ,NOT )
and COmPLd:es a function

f: {013 — {0}
Eg ¥, —] The gq’aes only act on = 2 bits
v, {rir} | u any forction £:10137 — fo,3
y iOR can be comfu_ted by some cirev
xi—- OR Oh n bl'l's

A q/uantum crcott is simiar gnd aFrhcs- o Seguence af quantum gates that act

on 0C)- many q/ubuts ¥ ouvtputs a bit at the end by measoring one clasngnated
ovtput q/ob\t

To define # formally, let us first define quantom gates

1<;local quantum @qte This is a um'tqry U that acts on k- clubl'bs Usvdlly k=000

Often the gate U s qFP“ed to a subset of k q{ubif;_c In an h-cLUJu‘t system

Formally , this means that the unitag, ITOIL®-RIOURI® L s qrflied
on e n qpbih where all qub(ts that ave not in the desired sobset ave acted
on by ic\c_nt'l’(y



Some. examFles of q’uantom g‘al:ec e e®

o \ o O
X = (o3| Z: | O H:‘—. | \) CNOT= 0O O 0D |
I O 0 -| .J‘p_(l -\ o0 1 o
bi-l;fliF o¢ NOT gata Phasefll'P gake Hadamard. gal:e Controlled NOT
Xlod = (2 210D= 1D Hi0) = 42 CNOT (oYl = (0Y1x2
X110 = 10) 2102 = -1\) HID = (=)

WY %Y = 1D (x@1)
CO\’V\:YQL <J ]_) TOYgE\,'

A quantom Circoit on n- qlubrts ClF’Fh&S these gcd;es In sequence and may also ose

gome extva m- qlobats oS wo*(kSche_ These extra q/oui;s ave initlalized o o) yyuca )l
ond ave called anallas

—— 'O er 1B Contvol
;nFut {\'XD L @f— output
%> " l = CNOT gte
ancilla { 10? O —

qug'e:t'

One deggna’cec\ c[/ubl’c Csay the first one) s measuved in the fio>,1N] bass denoted  |X)
ond that is the ovtput of the civeort

In geneval , the cdreott cap take any suPerPosl%l‘On over all n qlubfts as in}aut

Size Of- te circut = Number O]C gCH:?_s ‘I)’\ ~+he drcuit

Some. Exam\o\e_s

H-)@lO? —}_loo) +1l110?

J2 |
1, lo? ——4_\1_| .'
10) —& -'
1100y + 2 1) = (EPRD
Zz J2
t?j —(u - (IN - CLASS EXERCISE)
—65-——~ :

A first aftemFt at deﬁm‘ng eﬁr‘cient q,uan’wm com,)uta‘h'on :

Problem is eﬁucle_hﬂy solvable by a quartim comruter if 3 a jamu Yy of Poly(n) -Sized
Circoits that solves 1t on \Engl:h n- mI:u‘cs

“The Pmblf—m with this is that @ may be havd to ﬁnd such civcu;ts!



Uniform Quartom Civeolf Fomily A quantum dreot famdy {Cpf . is uniform if 4here is a

poly-time classical algo'(f’chm that ou-I:Pchs the desc_riFh‘on of C,
on input 1°

Con a classical algoﬂ"ﬂnm even ComFULte the. description, whith could contain arbitrar)/ complex
¢
humbers !

A fundamental vesvlt called the Solovay - Kitaey theorem says that the gates H and
ccNOT ( controlled- cortrolled -NOT) (s a ovniversal ga{;e set for quantum compchqun

h\e_ar\ing any cwbitrary 2-%0\91'{: unn'tafy may be aPProxima{:ed by shovt seguehces
of H b CCcNOT.

“These gabes ave ahalogous 10 fAMD, OR,NOT] gq{;es ]lbr classieal circoit & we cap
vestrick  Ovrselves 4o Circoits with these two ga{:es

Randomness in Quantom  Circoiks

Quartum Circots are inherently Probabih‘s{;ic , S0 how do we say it solves a Problem ?

let's look at vandomized computation st

A randomized alporthm solves o decision problem with boonded errov {f

P| answer is correct ] %

_;_ s ovbibrary , we can choase it be J+E fov any constant g L we can

even make & 1- 2" by rc{aeorting the. algmfl"dm n tmes inde{;endeﬂ;ly )
Joa\dng the magof‘.’cy ovtcome  among these n outcomes

“This s called the am})lfffca&'on brick. and vontime only increases by a fackr of n

BPP = class of pvoblems thad can be solved in poy-time by a bounded evror
vandomized algordm

lBQP\ BQP = class of decision problems for which 3 a unform quantom civeort family
that 0u’cs>u:ks the ovrect answer on qll ir\ru,-{s with P-robabili{;y 7Z
]
One can am})lijf} "t
|- 27"



Ave quantum closses closed under subrovtines 7

¢ .
P = dass of problems that can be solved by a P-machine that can call a sobrovtine
that solves any problem in P in a single step

Clody,  P< P' bat it is not hard to se that P =P

\9

BQ
(Puestion Does BQP = BQp ?

This q/uesHon e a bt move subte to ancwer
What do we mean b)/ invoking o quammm subvoytine that solves a BQP Problem ?
Let £60) be the answer 4o the BQP problem on input x

A quarmtom cireot dhat has access fo a subroutine that solves f can wse
0. special unkay pate in the circoit

Y_—’-‘— N (Why thic 15 4he 'n'gl'fc model
X7 V:F will be discussed in the next
oy — — 1002 Covple of leckuves)

This gate is not local and con act on many (:Lubfts simolbaneo sy

Example XX+ PRI —— ——) al %2 1) + B lxo )7
Vi L
lo> ——

Quartvm circot Can use -this gqbe_ ahy\«)heﬂ’— in 4he cireut

\ocal gﬂbe.s <&

DDEE al| = Creit C

NnE—— |

EV(QW\E\Q %) }

IXn)

10)

\0)

0D
\0?

Note that V, ‘computes” the true valve of the fonction go the quartom drcort
can vse these tyue valves \n intermediate quev})osfﬁons

[l

Now, in order o Say BQPBQP S BQP we meed to ome wth a qoantum

Crant that does hot use any \f]c ga’ces and outpuks the answer c_om]mted
by a guantvm circolt C which uses g pokes



The obvious idex s to uvse the BQP cireut that compotes 4 instead  of Vg
Let vs cal this cirait
Now there are two issves ¥hoat need to be handled

@) Evror : U, only computes £ wrth pTobability 7> Z os opposed to Uy

z
3

Al we know about U; is that

Entangled
output r" Junk
= U, }: al$6021 Wy >+ BINFEIY [ Wheyy
10) — — L lo® 7 2/3

@ Entangled Junk is olso o Fvoble_m




