LECTURE 27 ( APrLI 29t")

TODAY  PRS (wrapup)
Psevdovandom Unitares & ()nHAr] -l:—deSl;gns

RECAP PRS construction

) .
L D XY when :40,3" — 10,3 s a onidformly vandom boolean function
5 e § 108"~ 101 is @ iy e bk

lq)_sz

Replace £ with t-uwise ndependent functon to gef a +-desgh and with @ pseodovandom
fonction +o get o Psevdorandom state famiﬁl

“Theovem (P2 s a D(t/;) - aPPYoxL'mate t—-dest'ém n trace distance.
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Symmetric Sobspace Sym de { lyY € (CY) ot | Re 197 = 192 Hor all €€, }

E
Fact ‘EW) Hog |Q)XLP|® = Wsymd't where T[S)’r"df (s the
~ \4 — ¢
ditn(Msymy ) projector on Symdt
- —

=feym  This e 4he mq;ximaﬂ)/ mixed ctate oh

the symmetric Qo.bspace
_ﬁws, our task botls doWn +o Showing’

ot
E{ ‘%quf‘ ~ ﬁ\/m
Th order 1o do this, |ef os givc ah QXPII'CH; basis J‘br the symrnctr[}_ sUbSFQCe_
Bosis fov symmetric subspace  For a computational basts gtate [X,,...xy)

where each X € [d], o(eft‘ne the ﬁ“ow‘ng—
Symmetrization Ofera‘cfon

lsym (XN = 2 ZR&Ix.%?
o €

Exqule \ sym (1,2,3)7

_ 11237411327+ J2137 +[321) + [232) +13127

lsym (3,2,1)? Y6

Isym (1,1,2)) = Isym(z,1,1)) = — = [112? + | 212D + (1217
N3
“The collection of all svueh distinct vectors give_ on orthonovmal basis for Symy 4

( We won’t prove & here) 0



]

How many such vectors ave there ? Tlhe vectors Co'rvp_gfonol to Ypes
I al x,.x ae distinck , # vecors = ()

If some.  of them ave :L's, come are 2's, .. & ang So on

[n general, @ Hpe of a vector is given b)l (¢ -Cg) where c; 70 ar (ntepers
and Se.=t

Total # of vectors = dim(Symy,) = # of solutions to T =t with ¢ %0

d+t-1)
t-1

“The distinct Hypes corvesFonol to havhg Some t out of d ;'S5 being L's
and  vest betnp Os.

The gpan of these vectore will play g key wle, o [et vs define
SymaDist  to be +he svbS}?acc cPahned 19)/ these vectors
ond PsymaDist 1 be the moocumall)/ mixed state on this .sObsTthe—

Note that he bulk of -he symmetric svbspace (s made By +he
distinct vectore Sthee
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This easly implies the following claim (whose detailc are left to exercses)

| Pom = Poymasiell, =

To cDm,:)e’ce the proof of the theorem , we shall sketch o proof of the followhg
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Together these imply oy | By 19y X2 £
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Pfoof sketch for Clam 2 Reeall that W) = 1 & C—I)-f( (%)  where d= Zh
£ JT e
ot -FCX|) (Xz) ‘)c(X) ...,
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noz dist.

Tn the first term, the exrectaﬁon

E [ C—l)ﬂm - jc(xﬂ ! )f(Y')-" € ){(Yt)] = L if VieVe = Xggp.—-Xnte)
0O o/

for some Permua{:u'on Tt

of 1 elements
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So, the first term = _i;t § % [x X« | R
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The contribution of all the eon-distinel terms can be boonded by

the Araction of soch terms among all 4t toples. This (s the
probability  of seeing a (colliclon when drawing- £ elements onifermly
from [d) & s at mosE t}d

/”:'US, E':'-f M’{ XLP.; I®t - ﬁ%‘r\ bt T & where lless ”1 = 't/z

Psevdovandom Unitaries & Unii:afy f—de.st;gns

A Haar vandom onitary on n- qubits ¢ a ' Unbcormly vandom 2"x2" Um'.l,a\r/ matvix

“The notion of onl'ta\y t- de.sfg’ns ahd Pseudomna‘om vnitaries qr two different ways
of derandomia'ng a Haar rapdom Uniﬁmy

Unitary t-desipn A distribvtion over dxd unl'bav)/ matrices, where d=2", s called
a vnitary +-desgn it for all 1Y,

8r| [ g 4 - e
= <wl{r U U_,_—}Iq»’) ~ B M{ U | | L Iy>
1

U £-desfgn T U~ Haay 7 -

L

In other words, gwen t panallel applications of U on the first register I (on nt - qubits),
denoked by 0%, no procedure even efficlent can distinguish the &wo. Here, + (s fired beforehand

Note : A shate L—-desc‘gn s just @ weaker case of this , jost ‘ake any unl'{ng
that maps Mm% — (B uhere (B) &5 a stpte £-d’ESf£gh

E
“Then, taking lq’fi |o”)® above | we also get a ctate L—dest&rh from the above

The puarantee above i for all states (¢) Which mate e a ot more challenping
task

“There are two notions of afpro;a'matrbns that are wvally considered

Additive Evror  This measures the error (h the trace rorm : ¥ W) we have

E 2\: ot E | Jﬂ-’ " Uat_ N
i — - £
U - design <wl{’ UI UI _}W) U~ Haay <l {.1 t - _]W ¢




Moltplicative Evror ¥ 1¢), we hawr

0“_\: Bt
E B Ul
U~v Haay <QJI {—1 ! t _; lLV)
1-§¢ = L I+€E
ot
B | +— 605 __
U'vt—desfgn <wl{___ UI UI | } y?

Note : MoH:irlicatz'-/e evror t-desu'gn also ith'a additve evvor -b-dcs:éfn with the sapme ¢
pavameter, but 4he other way could increase the ewvor paameter by d %) factor

s called a Pseudomncfom Unl"lﬂﬁ/

Pseudorandom Unibay A famdly of n- qubtt unitaries U, 5
\f

kE{O,I}h

(0 Given ke{o,§", U, can be cmplemented  <n poly(h) time

(2) No poly-time distinguisher A can quey the um}‘.ctr)/ and dl'sh'ngm':h
a vandom Uy from a Haar vandom um'bavy ,

| Pkefol‘]h [

3 mle 5
0 )

If the distinguisher A (s only allowed to make pamllel quenes to
the unitary, we say s a non-adaptive PRU. Such an alportim A

AYR(L") = 1] - PR [AUCI“)= l” < negltn)

U~ Haar

(s g\‘ve\'\ by
Aumwy = —1 gtf— followed by @ measurement
: T
Unlba%: } “'p>

Note that +he cowesronding mixed stafes before mensurement are

-
-

E e 0T }'”’7 s E <W|{:UI'_ uft"}ltw

Ve {UKS U~ Haar

This (s almost the Same as a t-desipn but heve t=polylh) is not
khown i advahce



Nole :  PRUs Emlnly PRS amdar to what we discusced be]%ve for {;-desgm

AP,PL(‘CaﬂOHS & Constryetions

A vandom quantom circuit of lavge ehovgh depth giter o t-despn and ther are (ntevesting-
applications in vandom cireoit sampling . Ohe of the ficus of tdesiph construction is to pel
a very efficlent constryction of t—dcsz&rns with small size and o(elof:h

One can also wnjectue thet a vandom quahtym cireurt of  poly(n) depth s a PRU bot o
we covld prove thes  \wthpot any assumf-br'on ,we wovld show that BQP # PSPACE

Up unbil vecently, there was no known conf{ruchon fr a PRU bit (h a recent paper of~ mine
with Metger , Poremba and Yoen, we Showec( that the followmf s:mfle Constryction grwer a.

PRV as well as a Unli:ar/ t- cfeugn ( Caveat: in the corvent verston » We have an (sometry
that maps n to n+ bg*n qubits instead of a umtaf/ mqpplmg)’ n ton czubd;s)

Constrvction

let C be any unitary 2-desipn ((exact constructions are krowh for v=2)
let P = Z1aXnux)|l be a random Permutaﬁbn matrix (T (s a vandom permotation of '{Ddi")
XE{0, 1"

et F= 5 (D% [aXxl be a vandom £1 diagenal matrix ( f & unformly vandom
xefo,13n S )
' baolean funchan)

“Then, U= PFC

‘s Pseudorandom onitary if we feFIace F & P wrth psesdorandom
fonctions  k permutations

(adddtive ervor)

i a ¢- de.slg'h if we rep acc thep with ther 4-wise tnde)aendent- Versions .
Thi's gwes a s:mfle. ahd more efficrent t-design  construction.

Open  poblem Find Entcre.stihg af)pll'ca‘h'ons of- PRUs

Currently the bipgest motivatron Comes from studying black holes
wheve PRUs are oused to model black hole dynamics <o that
the. black hole can eﬁrtfentf] do & but the out:)oat- lpoks Haar
vohclom 1o ewvy feasible experiment that can be done



