LECTORE 25 (Aprl 22™)

TODAY Uni-!:av]' S\/n'thesis Lower Bound
Pseudovandom States and State Dasigns

RECAP  Unitary Synthesic Problem  Is there a quantum algon'thm A, a polynomial ph)
and a encod('ng' scheme that maps n- cflubft UhHaTes
B U 4o a boolean function £, {0,(3P™ — §0,13 such that
O'Iuj O‘fu\_\ O \ ' ‘
v A makes poly(n) gperies 1o fy suses polytn) qubits of
space and ap,oroxfmately (mplements U ¢

Q
<

Theorem No algom&bm cah syrﬂ:hesize 0 unif:ap/ with one- query ond Poly(n) ancillas |

Remark In ontvast, state synthesis n be done with ane - yery and  poly(n) anctlios ,
g shown (h a vecent work b)/ Rosenthal

Last time we vedueed it to the fol{owing- {rroblem abovt c{(s&ingufshlhg— dwo distribytions on
qvantom states

Remark A distribution over pure quartum states & a mixed state , so one can alo vew the
obove as the problem of distinguishing” fwo mixed  states

Frst states (¢),___.1Y.7 e@l)m are sami:lcd and fixed . Here L=2""
Each state s s'amFled ud from the dictribotion 1 xﬁi hC-l)ﬂX)lx) where £ o)y — 40,1
n XEQ0, . .
02! : (S @ untprmly random

Note the qlgaﬂ"chm may de,ocncl on the ihl'-l:/'alb/ Sam})led ctgtes boolean fonction

Consider the followinp- two distubutions on Ppove state

Distribvbion L Pick ke [L] at vandon and the inlbu{: t0 the a(g’or/ﬂ\m
is #e state 19,7 . The algorithm does not know k so
the Corvesponding” mixed damte s E 1Y, XYl

Distribution 2 The input 1o -the algoﬂ'ﬁmm s a vandom stute samPled from
the computational basis. In this case, the corvesfonding’ mixed
date s e maxima(l}/ mixed sfate I

—

ZI’\

We sketched (ast time that f the a(gon'ﬂ\m cah synthesize. ony um'Jcmy mqpp{hg
span 1102, 19 23 to {07,178
then ¢ can d('sh'hguish the two distnbutions with Pmbab[lfgf '-‘-/a.

What does such an algon"mm look lke ?



The algorithm has occess to an ovade §, that mfght de};end on $IU.2, . 1YDF

n-qubt Linput){ ﬁOjc —| *‘OLL,EFU'C ond Oy b0 r—a(-l)f(X)laO
‘54\ _ T oly(n)

P
v where £ :§0,3 = — {oJf encodes
P;oitd-lol’l\ ) come (nformation agbovt mitary V
Cq\?t;llt Lifs :ém we want 4o S\/h’H”ﬂsi%&

v n{tavy

P(\qD,f): lP[algothm acceFl:s oh Iq))'] = <q;|j‘E—- O T A W)
<ol Ny | |07

The fol(owihg claim establishes that ro such dgorithm can d{stng'uish Distnbytion 1 and 2
with ™= ?o\y(h) ancillas and hence also cannot syn‘l:hcsnée the above unl'tay

Claim ~ Whp over [W),...I4) 1';:;:.'3’“*{0,@ ,Ek[F(le:f)] - ﬂ‘:‘h[ p1W, § )] l $ Jé-?r

We will sketch 4he P-foaj'- oj: the claim (n one Srecia[ case ,

Special casa \W? % . —
A Lol — | Placceps ] = <~VIE——W>
107 e LA g SR
lq})®|¢_f>
Want to show : El N <yl — T — Y72 's cloe ynder iwo distnbytions
Pl 180 | for all £ 42t 503

= <& \EW[MLP]IQS;\) where M“/ = <wl—l?\—\w>

— |—

unit +ector

Su:fffce; to bound ‘}:\Q" | <¢§ | El« [M%‘) - Eh[Mw,g ) ¢_jc7, w.h.P.

:I“_:.h [Mq}l}] “°P w.h.P.

'

¢ | e My, —

\l/ ~~~~~~
vyandom
matrix

(depends on K & 00 1Y) o 1We) )

Letting B> My — Ep[Mg ] ¥relL)
) et B
We want to bound | IEKEBK]lLP- “8.1- + LHOF

m  m
2 X2

INe clain the Following” withoit proof: B . B are «dd random matrices with 2er0 mean
and operator nom at most 2



Matrix _Chernoff Bound Says that w-h.P.

“ B|+Bz+.__.+BL u < L flog_dl—r_n_

op

= g, (B, < 4!1}_drm - _f___ - d{_golycn)
L an-t on-l

“Thus, o algorithn of this form con distinguish the two distnbutions over states

‘The general (ase con esserrtial(y be vedvced {o the above wrth one small +rick
that we will not discuss

Psevdorgndom States and Desighs

IWe saw that He onbbrn above veduced o d(sl:(hgm'shing two distributione af quantom chates
“This motivates  the dgﬁ'nfh‘on of f)seuc{orqndom States and state -t—a(esgyhs.

Irg[ormall)/ , Fse,udomndom states ohd state +4- dc.ﬂ'gh; are distributions over ciuqmw‘:um states
that cah not be cl('s{:fnguished from a Haar vandom state h velated but dictinct ways .

First | et us vevisit the Classceal analopoues of these ob/‘cci-.s.

SUFPo:c we have @ distributton on h bits Xi<e-e Xy Which are un{form and tha‘efendc/d
One way to relay -the notion of L'ndefencmce (s 4-wike t’nde/:endcntc

+- Wise inde,pmden‘b di'stybuton A distribution (on hits) XoeXn G called t-wice l}ldef;endtrrt
if ¥ every swbset Ss(n) of size £ t, the bits in S
are independent ,ie., all £t-wise moments match the onrfarm
distnbokion .

E. g Let X X, be unfform and inc{e’;enden{: randeom bits
Then X%, Xs= Xi®X, (s a ZWis independent d(strbution.

(poly-time compvtable)
Ovtputs of Psevdovandom generakors A pseudorandom geherator s a function that takes

(PRGs) n um“form random brts and aul:)bui: m>n random
bits that Gok ke m um'fbvm bits to any yoly~£l}nc
distingisher

Fovmally, g 103" —s 50,3™ st. ¥ ahy Polynoml'al time algor%hm A, we have

e ccepts | - Al ks < nepl(n)
[ LPkE{Oth [ A( L) accep ] u:e{o\lg'“[ 7Qccc’> ]I < neg
L5 decreases
fasi;er than
m-n i coled the “shectch” 4 the PRG. any inverse

polynom,'ql @



t-wise independence & ¢ infirmagion theovetc notion — as long' as the cc(g‘orli'hm anly
looks at 4 bits , & can’t distingush it {from the unform distribolon no matfer how
lng & Hakes, put t s fixed before

In contrast, in q PRG, the distinguisher can look at any poly(n) bts and ¢ an decide
how many bits to look af in a adgptive fashion , but the secorrty ( Dh// against
cornPu'f:at('onrc’z[[y boynded c(t'rfr'qgufjher: sihce. Otherwise an exfonentl'al time clistingu/'cher
cap break the PRG

There ave several wnstruckons of {-wisp L'ncfel)endent dickribvkions but for PRGC we

aci;ually do not know |f —tfre)/ exist If we covld show thiés unconditionally , then P pP.
The best we can do ¢c to0 show +hat PRGs exist vnder some cry]oiz)gmflzfc QSJva-bbn
such as one-way o7 psevdovandom fonchions

Remork  The Ctrelch of a PRG can be amplifiedl even from 1 4o any puly(h)

let ve how discuss the quamtvm analag—s of these abjectc
Fivst, let vs remind uc of the Haar measvre on the sphere .

Haar measore (informal) A Haar vandom state 192 on n-qubits is a “unl\;[ofml/v vandom'"
vector on the 2" -dimensional complex vnit sphere

The ¥ moment of the Haar meoSvre (s the quantity

[ (wXw)® ]

Y9~ Haar

State t-clesigns A distribvbion over n- q/ubz't states 1s called a state t- de_;r'gn
if the t-th momentc match the t-th moment of the tHaar measvre ,

L-e.
t
[leXq}@t] - EILWNHW [w)(wl“’ ]

Y7 ~ i-dcsign

Note that +thic means that no quantum algorthm can distinguish the two
no matter how much dme & takss hen gv’ven only t—co}at'es o]Q the stafe.
t ie fixed heve beforehand and +his i1s an infovmation - thepvetic notion.

Peevdorandom states A distvibobion over states (s called a Fscuciomnc(om state  distribotion
(PRS) f 3 & poly-tine quantum algowthm that takes n-bit classical qput K
and outpats a state YY) s.t. no poly-time quantom distinuisher
can distinposh &y poly(n) wpes of W) from a Haar rardom Shate
i.e. Vt=Foly(n), and for all Fo\y-b'mc df'si:r'né;rufsher_c A,

@



| - @ AW aceepts|| < nepl
| lPke{o,B“ [A( WO) qccefts] 1Q) ~Hoay [ ( ) = JJ € (n]

Since the algorthm does pot know &, and distnbykins over quantim dettes & a mixed ctate,
One can eq).)ivalenﬂy tink of the above ProHem as d\‘sh'ngufshl‘ng' two mixed ctates

() €)

® ( t
f = E ”kaLh:‘ - an fHaa ”XH@
PRS '8 Y

IY?~ Haar

NEXT TIME AFPlica‘cnbns A Constructions q‘—‘ PRS




