LECTURE 24 (Apnil 17%)

TODAY Stole ahd Unibary Synthesis

RECAP

State gynthesis Problem Is there a clu_antdm Query algorhhm , Q Po!yhomf'al plh)
and ap encodtng schme that maps  h- cLuth States 1Y)
t8 a unction f‘z" : {O,l}"“" — {0,1] st. A Tnakes poly(n)
q/uen'es to J‘LP and outFU'bS @ g’ood aIJmelma{{'on 1o (L)/>.?
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If the answer & Ves, then in this sense state synthesis ic no harder than ompoting-
an  appropriate boolean function

Unitary  Synthesic Problem  Is there a quantum algorthm A, a Polynomt:al pCh)
and a encodr'ng' scherme that maps ﬂ—ctubl't Unitari'es
U 4o a boplean function {,* {0,3P™ 5 £0,17 such that
A makes  poly(») gueries ts £, ,Uses poly(h) Qqubits of
space and ap,orm'mately (mpements U ¢
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A
Hee , {or every input state 1Y?, Aly> = 0[P

If we can syn{:hesiae um'{-aﬂ'as, we can also syrréhesize states [\Alhy ?]

First, 1if we allow exponestially many an dllas, then unibary synthesis s possible wrth one -query
(also state synthesis)

The alg’anﬁm wil be left 1o the exercises, but raughl/ it reads fhe c(e_rcn}gﬂbh of the entire
unl‘lm’j n one query and then twilds U This & not efficient in Terms of tme » space

What f we resbrcct 4o Space efﬁa'enl: ngoﬂ'thms ! Is ctate or unr't-afy synthesis Fos:s[élc?
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Proof

For exqrnlnle, , lwds

There is an (n+1) - guery a(gor}ﬂvm A and an encodth£' of states 1Y)

into boolean functions fy: £0,13°7® — {0} that solves the state Synthesis

Problem .

Moreover, the alponthm is space efficeent (only vses poly(h] tzub('ts) and  non- grqcle

ates can be implemented by opolylh) - size crreuiks. Oracle gates will (n peneal
§ plementz oy poyy goes |y g
Teq/uive exPonerrtl'aL cized circols however

The key idea (s that a state cqn be decomposed ith terms of conditional

arnPl('h)dES which can be enwded nto £
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We can build a biha(y bree 10 YCPY&S‘en't all conddional amr[H:udes
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Pictorially
™ We get te omplivde of %3 by taking-
oo S product  of all o's and ¥ on te
o) 1% path fom %) 4o root
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The stote syrrH'\esfs algof‘rﬂwm s the ]‘b{lowing:

"

0 Quey orade 4o gt o,

and  prepave  x,10) + o 1)

and "of,_ < These awe real numpers upto come /)reu'sl'on

2]  Gntrolled on first qubit , ask oracle for conditional amrll%b/des corresror\dl'ng' to
4he left or 4the w'gi\t chid

A o)+ "oy, by, D + a0 ® Moty , o, "D

Use an extra gncilla 4o prepare

o, 100 ®[["oc x "D|® (pl0) + %o 1)

op' Ol

o, 11> © 1%y, "D ® (0> + &y 11?)

L,

Ur\com)oute to veset -them to all 2eros
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[33 Repm’c until we have 5 A %% % ks
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[4) Query the orade in suyerpositfon to obtain Y,; to prepare the state

by e 'Y, " uhc ote 45 veset o ©
x&efo)" ?’x \f»x/:/ omp

“The algon'ﬁvm makes (h+1) queries and with Poly(n) hits of Prea'glbn one pets
o state that (S eucFoneh-ttﬂly close 4o (WD

Remark. A different algoﬁthm by Lant | Natarath, Nirkhe, Rao and Yyen gave

gave a 2-query algon'.thm with exponentially small error

but the non- oracle uniaries are not fme efficient

Update A vecent wovk by Rosenthal fae a one gpey qigofﬁ?\m for state synthesis that
only oses polyln) ancdlas and all  non-ovacle uhitaries in the circet are Hme
efficent os well



What about Un(tar)/ ynthesis 7
Rosenthal showed #hat wih 2‘”2 q;um'es one can syrrt‘hesiae any unl'{:rxr/ with Fol)/(n) ancill as

Lombardi, Ma and Wn"girb showed that

Theorem No algoritbm cah S)lh‘H\esiZe Q unH:ar/ with one- query and Poly(n) ancillas

What's a unitory that might be difficult 4o synthesize ¥

A Hoaar vandem ontary s ohe option and wn fact & works

bot we will choose a different candidate that is easier to analyze
In fact, we will choose a distribotion over onitaries gnd show that
with hfgh Probabih'ty o vondom um'bay from this distrbotibn cannot
be symthesized with one query

Candidate Distnbobion that is hard to Synthesize

Pu:k L= Zh-1 (a_r\cfom stotes with i'j—_ CoC:ﬂ:l.Cl‘EH{S :

Jzh
ly,? = 1 Fx &) 110 where  fy Joi3" = {+1} s a Uh%fm))/
xefoly"  Jom vandom function
One can show u.hp. W2, 1Y ave [¢he arly l'nde;?er\a{emL

Our candidate um'tﬂv)/ dictnbykon + choose any unitar/ U that
maps  span {142, 19,7

1o Ibin(1)) , .oee, [bin(L)) ]
SPOM { L 1, b(nm}: verresental:bn

If one can synthesize U, one can dt's’q'ngu&h the jo“aw[ng' o Cases :

Case 1 +the algorithm L g{veh as  input W, > for k chosn um‘fofm/)/ at random o [L)

If the algorihm inplements U 1t can measwe o Check if output
1S in span {ll),-_, 1LY} and accef:t. With }:roba)o;'h"y 1, it a’vmys accefts

Case 2. +he o.(g’of'ruym (s g(ven as (nput I‘-\Jh7 = Z{ - h) 1) where h:{o,13"> {413
~eio | " .
B s U"{Jcor"’l/ Yandom

Note that P'OJQCHDH of “'VQ O0n span $1,—. 103 has norm _23; w.hyp.
So, the alg’on'thm will o.ccepk with PYobabl'h"g/ 1/2.

NEXT e We will show that mo algoriﬂnm canh dt'rtinguish these two cases with one guery
no matter which oracle { (s chosen




