LECTURE 22 ( Aprit 16")

TOPAY Avea. Lains

RECAP  Schmidt Decom]oas’?tion Any state 12 coan be wrilen as
] = orthonormal st
1Y) = kzzl‘/")“: 'qk);,@’uk?B where Alle has A
ahd Bob has B

Eh‘lsqlvgllirnen‘l: Entropy v is called the sthmdtb vank of IW) across cut (AB)
K=/

-
S A logr 1l s 4he wanglmen’c cn'traf;/ of 1§ across (A,B)
Ak

Schmidt vank & entropy befng smqll means that stgte has less
enfang}emant across cot (A,p]

< B Po_rslnble )‘ndfces

o
Matnx Product Stqte ‘ A !_J Az!—_ _LJ Ah‘ called Bond dimenson

Area Laws

The area law conjecture says that any groond state 197 of a physically- relevant
local HamiHonian has arvea lqw behavior (e

For any svbset A< [n) of qubtss , the entanglement entrogy (s proportional 1o the
size of the bovndary of A (ie. proportional to the area)

Ea_- ih  1-dimension : ‘——"‘-—@Eﬂta Loonda{y o:(. A

|Al="Y00

Area law behavioy - ertanglement entropy = Of1)

In general, entanglemenb entvopy wold be as lqrgre as
~ Al Logd ~ hlogd

Also note that o matrix 'PdeUCt state. With constant
bond dimensjon SQ‘US:FQS the area loWw Qooss any cwt

a 8 @ 8 .-. 6 g @ Entropy S(Og’B
Qehmidt - yank £ 13

In fact y, ohe can also C.on]ecl;we that gvoond states
for 1-dimensional “P)\ysical ! Hame,am'qns most have
& MPs description




in 2-dmension :
g? IAL=ng
Aveat law behavior Avea low behavior
Ehhro?y ~ [0A] En‘bfo?)/ ~fn as O'WOSQd +o 'rl-log d

One can also make o .S‘tronng con)ecéur& abovt PEPS
rq)'rescnﬂxtl‘ons of such ground States

\alb B
£

This conjectwe s hot trve for a ge_nerql local Hamitbonian bot Physfcl‘s’cs belleve & holds
Jor most physically velevant Ham(ltonians

What kind of extra conditions do we heed (apart from grid Hamiltonians)

© Spectral gap There is a constaht gap between Me groond energyy and second
- lowest energy

(® Degeneracy of Grond Space  If the pround State is unige It (s onjectured
that .c]:ecfml gaP is all that s needed

K the groond state ts not unigve, one can still
expect the aren law 4o instance for the max'thll)/
mixed state over e g’rovnd space but not all
states in the gmohd s]mce'Q

Of covorse, mowe possibilities are there fyr ares laws

This conjecture was proven by Hastings b subsequent works i1 1-dimension
Infact , such ground states also have an (qyfroximabe ) MPS dcscrfft('ort

In 2- and hlghtf ch'mensian) the coh')ectore_ s st oren, ql’though there qre some
de\/elo?menfs

A generdlized qred law on an a'rb'ltrqy gmph does not hold



Area. Law in 1-dimensions

We. wll Pravp_ the area law for 1-dimetsional  Hamiltonians after malu'ng a feW more

assum Ptl‘Ons

let  H= SH; where H, acts on q/udc'ts Lo+ 1
We will assume +that

0, ngUnd sgate 1Y) of H s Unl'q'ue

B

@ eoch H, is q ?Yo)ectc)f,i.e., H, = H;

® % (Hl=0 — Since 05H; ,this can onl)/ hqnoen (YD s alo the grounc{
state. of each local term H; ,i.e., KYIH IY)=0 as well

Svch a Hamilboniah is called fructrah'on-free

® spectral gap: the second lowesb E\'gf—"VQ]UC s 201)

“Theovem For any cot Ce,i41) , the enbangleme_nt entmpy of YY) is O(1).

F' U T

The proof is a bit involved , so let vs look at even simpler cases fitst

[U Diagonal Hamtltonians In this case , the ground state i1s classical ,ie. @ compotationd|
basis state 1L PO )® .- ® (LY, S0 an aved law ‘b‘i\lft{“/\l

holds

E-] Commuting Hamittonians H, & Hj commute '\fi,j
te.  HHj -‘=H)HL'

This case s hon-tnvial as the gvoond state covld be Eni:qngle;d,
but the onqf is Sl‘mfle and Ulpstrate the qP]:raqc,h we will try for
the gane,fa( cose

First , we need the notion of Schmidt DecomPosPu'on of an operator

We saw that for a cot (A,B), we can wnte o state

W = E. & 1UO,® 1Y%,



Similqvl)c g We can also \irrte an oPt-ratof

()
N

\4
l‘i_" I E;] =M= € A, ®B, wWhere Ag only acts en A
k=)

l L Bk only acks on B

Exercise : Give a tensor hetwork Troof Of this

If Schmidt -vank of operotor M denoted SR (M) £ v, then
applying” it to a product sate (which has schmidt vonk 1)
can increase the Schmidt vank b)/ at most r

Mgy, 018), = ??1 Acled ® By 1éDd

@]W@J - [ el

For a general state 1) the Schmidt vank incresses by a fackor of
§ e apply M

let's  go back to the area low Proofr H= S HI where H;'s are projectors
thot compwote

Moreover gvound state <KW H;lQ) =0 ¥ L

This means that 197 ¢ w c_omrlemerrt) of the space On which H, projects

projector on this space 1S L-He
Now , consider the opevrtoy (L-Hy) (2-H) - (4 - Hy.)

Clam s is a ?roje(‘_’cov‘ with schmidt rank ot most d* and t PYOJQC‘:S
on to +he groond state 1Y) je.

P= (3-Hy) -~ (3-K.) = IpXV
Before Provingr this claim  let vs see wWhy this would imﬂ)l an area |aw

Take any pmoduct state 1), say a (omp utational basic state Apat has non-2erp
ovcxlaP with () We have that SR(IP?) =1



NEXT TIME

%m, consider the state PlI@? = 14? since P= 1yXYl|
IP1gIl

Moveover, since SR(P) £d, sR(IYY) < d-sp(\$)) =d
Lo The normali zttion does

ot affect the schmidt
vanhk
2
“Thos, Ent—qng\emehb entropy geross  any wib s Log'd = O(1)

Ths proves the areq |aw 'n 4he Lommvh'ng Case qssoml'ng e clam

onof of claim P= P gihce each term commutes and A-H; is a projector
Moreover <yl PIW? = 1 so 1M e span (P)

Last , any state 16> ¢ srqn (P) anust have groond eneré:}/ 0
and gince the ground state is vnique by assomPtiun

P=19)
Wh\/ is the Schmdt vank of P small ?

Note each operator AU-H; iS acks non-tn'vmny Oh q,ubr't: P4 ol
k/'\/')

“(1-h)o

-
d*xd* matrx

;- suppose this is the cot

l \ 1
Let ve write |1~ hy A B8] Schmidt rank
l [ r<d®

Tt follows that sr(P) £ d?

Non- Cornrnoting case and camPlexify of quartm states



