LECTURE 20 ( April 1%)

TobAY  @uantum PCP (ohjeckure

RECAP  Mohvatin g question

“Which local Hamibonians have grovnd states (o low—encrgy States)
that are .S\'ml?le 7
Lo c_orn])utable by Polynorm'al de(JI:H circults

Classical PCP “Theorem

“The PCP Theorem E—M; a vobusk verson of the statement that SAT is NP-hard :

PCP Theorem ¥ ¢>0 and any 3SAT instane €,
deciding if MAXSAT(Q)=1 or MAXSAT(Y) ¢ Fg+¢ is NP-hard

So, the poblem goes from NP-havd to trvial and even approximabng it to a factor
73 (¢ hard

If wt encode 3SAT as a 3-Local Homutonian Problemn

m . .
H= L1 He where  {xIH;[x) = {1 H x wviolates *h clause
m 0 oM

Py

-

Then, PCP theorem says that deciding if

Min (H) =0 ov A (H) 2%—5 is NP har

As the name svggests, the proof relier on the idea of a Prababl'll'sﬁcqll)l checkable proof

Def let LeNP. We say L has o probabilistically checkable proof if
3 vrandomized Poly-h‘me \/‘tﬂ:ft.tr that q/ucries o(1) bits of the Praaf s.t.

(N *elL = 3 proof ™ s.f. P [V ac cepts x,m)] 7 %3
D x¢ | = '\)‘onofs 0 P [V accepts (x,m)]) < 23

A PCP (s a proof that can be spot-checked . By reading a constant number of s
We can Venfy ibs corvectness with confidence

“The. Fvoof—che.ckfng— formvlation of the PCP theorem s then the statement

“every language L eNP has a frobabih‘d:fcal/y theckabl proof °



Ths ic one of the rncgof/ breq lLHurougbs th Cam/DIExl"l;l and the Prmf ¢ vemarkable
We will not be able to cover (t here byt the basic iden (s the follow;ng—

For a languge ke 35AT, the PCP proof consists of enwding a satisfying
assighment Using o carefolly c(esr‘gncd e_wor-corfecﬁ'ngf code that ehables
easy veyification

To translate this statement back to the MAXSAT approximaﬁan ohe most
convert the cherks Pﬂrfofmed b)/ a. PCP verifier into a 3SAT formula, usingf
Similar (deas to the Cook-levin theorem \Wwhich encodes the com}autq{;:bnal

history of the verfier into a 3SAT formula

Quantum PCP Conjecture

“The  quantom PCP Conjectore. (s similar where Yf7olace NP with QMA ond 3SAT weth
K-Local Ham(l/tonian ?rablem

(Gvantum PCP CoﬁJec-the

3 « family of k-local Hamiltonians, ohe for each qubit size n
m

H= = H where m =poly(n)

L=

svch that dtc(dfng’ lf Amin (H) £a or Apn (H) 2 B ts QMA - hard
for vnwersal constants k, o,R s.t. B-a=1(1).

Note Energy gap (s a constamt heve as opposed to inverse Polynom(a[ and also note that

energy of any state IU? is always between (0,1) by hormalization

Consequences

If QMA=NP, then quantvm PCP wnjectire is trve by the dassical PCP theorem [why?]
so o have non-trvigl vesolts let vs Qscome that QMA = NP

Let vs forther assvme |, as s believed that QMA = QCMA
i.e. quantum proofs ave move powerfyl than classical proofs

“Then, the QPCP cpnjccture has some P'qum)hd CUhSEKLUCnCeS about
complexity and entanglement of ground states of local Hamittonians



Classical Description of Lovv -ehersy States

Vo v g ) _ )
We saw that the Lowl Hamiltonian Problem with /Pa' (1) gap s QMA comflete

If we ave forther guarantecd that (n the ACCEPT case the wrhess state 1¢/)
has polynomial drcuit depth ,then this problem torns out o be QCMA - complete

So, one can think of QCMA as cqf)tuﬁng the. ?roblem of trya’ng 1) ﬁ'nc{ a local
Homaoniah ‘s ground state with polyhomial depth

The QPCP conjecfvfc JcOgeJ:her with QMA = QCMA l'mflt'c.s Hwqt there are (ocal
Hamtlbonians  where not only grouml states byt all states of eherpy atmost
2 have Soptr-polynomal circoit depth

Room tempevatire entanglement

Fov a Local Homiltonian H , consider the mixed state

-H/T .
FH(T) = & where T e[0,®) s the temperatufc
T (Q—H/T)

This s called the (Gibbs state

e ic the matrix exponential . If A = Z X luXu| ic the spectal decomposft!bn of-A
L

+then

’A.
SANNES s lu, Xa, |

It tums out (and this will be an optional homework exercise ) that

Absolute 2erp H«‘gh tehn[)emfu re
T=0 T>c0
B4 (T)= Uhiform mixtore pulm = L
| shat 2
over: grovne states of H = maoclmaily mixed state
Deﬂ:h = go)oerpol)r(n) Depth 001)
assumhg QMA # QCMA
ComFlex Eniang)emcn‘c No entanglement

We know several physical phenomena such as cvperfidity wheve complex entanglement
s Pfese,rrl: hear absolute zero {-ern]?erqwre

A what temperalie do we trangtion o complex uwtanglemen% ?



QPcP COhjecl;O'(e says +hat c'.omPlex crrtanglement Cah be preseni-
at “'room -\:cmfcrqtom "and it s QMA- hard to com}aute the eherpy
of the syctem even at such tem)acrah)fa

Coveat  Physically Relevant Homdbonians have more struetore , so it ic sl
Possfb(e. that Hamitonans satisfying QPCP Conjecture (if they exit)
are hot Physicall)f relevant

Evidence agahst QPCP

We know that 2- local Hamtloniah }:robltm with '/Po,y(n) - pap (s QOMA hard
Note that o 2-local term only acts on 2 cv)bits
Tt toms ovt that even if the qubils are arvanged on a R xh grid and we only
have Hamiktonan terms that qct on ne_igﬁbooring Llob'tfs , the Prob lem still remains

QMA - hard

Assuming NP #+ QMA ( otherwise classicql PCP thcorem (mP[,'c; that QPCP & trve)
we claim that cuch grid Hamiltoniane cannot be candidates for QPCP conjectore

Cloim For 2-local Hamitoniahs on a ZD—gnH , 319> with velaéivel)/ Hg): EhErg}/
that has a small classical descrl'}:tian

let H= 21 Z H be the 2-Locgl HamiMonian on the gnd
2n

L snce thee are 2n local terms

Divide the Jn x I g‘r;e( hto bunch of €x4 Square fa%che-s
Gnroup all the Jocal Hamiltonian terms +that dct on +wo q’ulaH:s
wrthin g Partch  make a "supcr—term " 4 would be some constant .

t We can wnte ,
] t H Ha
T
—s H=_l,.[(g Hy) +( £
2n Jepatch, ) erabc

where T=n q,ub:{:s ih
L* C[%"erehlr Pa-l:ches

How many boundary frms ave thtve ° At ot 4e-T = 4n
£



Each super term HL, has a gmUnd state on &* q/ub;'ts ahd the gyolmd ctate ]qJL-> cah
be found in time 208%) by brvte fovce

W2
Consider the Sate W)= & IY:7 by fenso-n‘ng the grot)nd state  of* all 7>af¢hes

This is o state on n cLubH:s bot ¢ has & short classical dﬂtrff‘blbh and Small de];{h
Description size = o(%.z"‘w) = o

@ de_F‘th = 2.0&) = 0oW) snce €= 0(1)
let's cornrul.’e the enerpy of 1Y>:

h/_Qz
<IH(Y) = 1 [2 dwlr;oT|w)y + <yl Hboundg MD}
n = - 7y

~N— ;\/'/
= W H WY S 4n  gince each lscal term
L
iy o5H) 4T
¢ L Swiniyy + 2=
2“ ;’=‘ Lpl L|w|_> 4

On the other hand, suppose [6Y be a gvound state of H

“Then %m;h (H1= <OIHIB)

n/Qz ,
?/2!_ S <OIH; @I 67 [ dvopping the boundary term ]
=
n/¢z
71 2 <Q: IHOW:? [sinte 10D s the ground.Sﬁ!ﬂi OJCHIJ

“Thoe, energy Of the State 1Y above satisfies
YWIHIY? £ dy (H) + f‘

If we choose L to be a large enough constant so that 12: < B-u

Thos , we have constrocked & state with poly(n) -sized classical descn‘?h'on,
constant - depth  which a]oyrom‘mates the ground ererpry to any consiant precision

This wooldrt have bees Fos‘sjble assorning' QPCP CnthC'l:We

There (s nothing sPe_u'al apott 2D- ng'dS here . Same qrgumerﬂ: work. for any
k-dimensional gw’cl.

What the apove Suppests s that prove QPCP corijectyre one wovld need
Hamionlon tevms interac.’ct'rg on a gmy)\ that cannot be chopped into
patches | for example, gvaphs that ook kind of vandom



An examfle o:f svch ngFhs are eXPander g’*rth_s

Such gmlf}u are very comnected — if you 4ake Oy sef of vertices , then it has a

ot of edges going” ovb of it — and one can't decompose the graph ihto small patches
vhere few edges go across potches

Tnfact , havd instances for the classical PCP theoven are based on expandev gquhs

Note : Although 25AT IS easy, one can deffne other copsbroumt saticfaction Problem: on a gra])h
that ave instances of hard classical Hamitbonians

Based on this, one can wonder K we can hqve o 2-local Hamilboniap on ah ex}vqndcr
g’quh that covld prove QPCP Conjecture

For classical PCPs, the beler the expansion of the praph, the harder instances one gets

Smfn‘sihgly, Brandao and Harrow showed that this ic pot the case for QpcP

“Theorem let H be a 2-lecal Hamilbonian on a gmfh G oh n verkces
th expangon = L _
W) Ex]) son = ¢

2

l.e. #ac(gcs g’ofng’ wt of q set § 2 G—-e) 19 V‘\S\ﬁh/q

Then, 3 o product ctafe GO® ----®l¢5%> where each (@;) is on  -qubits
soch that

CPHIP> £ D (H) + £

Thos | exbremely good expanders Cannot be QPCP candidates

There is a sinilar vesolt for graphe with very high degree : if graph has depree D,
then

3 a product ctate 192:1¢)e -8I1¢,) st
<BIHIBY = App + D6
So, as D incveases , one can find betler and better approximations
This sovt of behavior does not happen Classically —meve edges mean move Constraints +o Sahisfy

However , in the quantom scﬁ;ing , more constrants covld force the )arob{em 10 decome
move classcal and hene easier

What this tells us ic that to prove QPCP conjective , we have to look for a ‘Golddocks”

-fumily of Locgl HamiMonians — not 400 sparse o7 dense, hot too moch bke a gﬂ'd' or
an expander, and ¢ on

®



Evidence {for ®PCP

Recall that one consequence of QPCP f:ogei'her with QMA = QCMA (¢ +hat

there are famil/ of Local Hamiltonigns st. all states () witn ererpy atmost

a constant @ reqoire circoit of superpolynemn'al depth (for instance ,Jdney are far
from  being @ product Stete)

Infact 4 QPCP even im;»l(&c Stmhgt'{ (onsequences but (etls stick with the above

The No Low-energy Tvwvia[ Stgles (NLTS) con}ectvra Was o weaker vexsion of
this  statement and wos recently proven

Theovem 3 famil)/ of Local Hamiltonigns <t. every State of enerpy at most
(NLTS) Qome constant £ '{chofre Clreots of Super- tohstant deyH)

These. ave non-tnvial in the sense that ~Ehe7/ are. hok onc[uc.{ states

The Hamiltonian :ﬁ:mdy here (s based on very good cLuqnl:Um LPPC error —corvcc,ﬁ'ngy codes
that weve recently Shown o exist

At the moment | & seems that the hext s‘:er towards QpCP wnill qulufre ené\'rely hew ideag

NEXT TIME Tensor Networks A Avea laws




