LECTURE 16 (March 18%")

TObAY  Local Hamiltonian Problem

Recal| the complex@/ class QMA - Lanpuage LE QMA f 3 an efficient guantom ver?ffer Vv
el = 3 quantv t. PV (x,m) acc 7%

avantun, proof st B[V ( 7517 %
XEL = ¥ proofs (M) ct. P[V(x, M) Mcepﬁs] < Y

What [nte_re_sh'ng’ Probltms are in QVA ? What's a com)defe Fvobleln 361/ QMA ?

* Of covwse , NP £ QMA . What apout Problems beyond NP ¢

* Group non-membership :  Given elements h, gy, g of a fr'nftc but exponenhally-szed grovp ¢
determne f h is not in the svbgroup generaéed by 1,8

Note that the com}alemcnl- Pyoblem (s iIn NP

T+ s ovt that +his Pmblem is in QMA  (shown by Watrovs)
We will not cover this here

 k-local Homtlbonian Problem

Input © m posifive-semidefinite operators H,,.....,H,, acting” on k=00) ovt of n qublts
ahd O3H. 3T ond m= Foly(n)

Note that we wvite A=<B 4o mean that B—-A s Posib‘de_ .Semfdefl‘m.l:e
which also imP\l‘&s that the ith eigenvalue_ of B > (th eigenvabe of A

Thus, 03H; ST = eigenvalues of H; arw in [o,1]

Example H:= O@X where, O acks on qubits 18 2
and I oacts on other n-2 qlublt's

The Hamiltonian H s defined to be the cum H= _Zi’,mHL

Since each H; can be deceribed by a constant - sized matrix, % bis needled
to deseribe H = poly (h)

@ Porameters a,b e R satl'sfyingf b-a Z#Jﬁdn;

Decision Problem Determine if A, (H) €0 or 2y (H) 2 b
(accept) Creject)




The local Hamiltontan Pvablem a)rreSIDonds o egﬁmah‘ng' the  minimum e(genvq/ue,

called the ground ehergy  op o o PJ;WW Prec(sfon

The mtnimom eipenvector s called the proond ctate of the Harm lHonian

o
This captures o lot of ?rob(ems relevant to quantom physics and chemistry

Each (ocal term H; can be thought of as a [ocal onstraints in terms of ah enerpy pEnaHy
For e_xample ,

if H1 = I - loo Xool acHng oh qlulai-b.f 1 and =2

then <Y| Hl\w)=o f (Y>= Joo>®|g>
YIH WY 20  otherwise

To minimize e energy penaky for Hy , (gD neds to of the form 10028 g >

In-class Exercise Exrress 2SAT as a Local Hamiltonian onblem

TThis exercise also Shows that 3-LH is NP-hard

We will Prove, the j%llowing’ resolt

Theorem 5-Local Hamilkonian s QMA- wmplete with b-a =_1
(Kitaev paly(n)
aev)

Remark  Infact, 2- Local Hamilonian is already QMA—comP}ebe bot
we wlill hot prove this here

‘s can be considered @ quantom analog of the Cook-Levin theovem
which says that 3-SAT is NP-comPIete

The proof of the Cook-levin theorem proceeds by encoding the steps of

the NP -verfier as a 3-SAT formula. e proof here will Proc_eed
by encoding the sbtps of the gquantum venfler as @ local Hamiltoman tetm

Proof of Membership

m !
Proof Let H= _Z H: be the k-local Hamiltonian

Th the aceept case, dmin (H) <@ Given a wrthess 1T, can we efficiently
In the Yeect cae, i (W)7b | STmate STIRITO uplo 0 ) predsion §

®



Consider a local term H;= W ® I where k' is 25 x 2¥ psd matrix

Diag’onalia’ng h = g_.")ij P;j where Pij (s the PYoJQc’cor on etgenquce
of h; with e_lganva|ue Nj

Note that ZP.J =T, so {P'sz JCOYm Q
ijec’cwe megsureme_n‘t

_ﬂ:\eve,f()YQ; {mH; I = _‘,Z?;j fﬂ) PIJ oL |y

__

=P Obtainihg ovtcome j by measunng M
with  PovM {PU}]

Since P } only acts on O() q/obrts this
can be efflue.n’d/ yew]‘bfmed on a cluan‘tDm
cornPu‘tef

= AV&YagC Of ')\;j 's onder the distnbution on OIH-'LOmESJ
obtained by measuring” [T onder POVM 1 P ¢

This sogpests the following quartom venfier that takes th T=poly() copies of IT17
* Repeat the following T times -
Pick o vandom Hamiltonian term H;

Measore a fresh copy of In) wih Povm 1 Py L
If we obtain ovtcome j, set X = mAj

.
° If _:__EL sa O\H:Fut accept  ofw quct
ACCEPT CASE Withess = IL\DWr where Q) is the gro\md state of H
(Amin (H) £ Q) and  T= polyln)
Then, E[x )= L ZE@lPU@I\@ m N
] )
= <WIRly) £a

= Since each X, is independent and ot most 1 , concentration
bounds imp\y that the mpl'n‘cql averope 1 S X, is close to
T +
the tvve valve



REIECT cose No Wchness ) EQEH)@T should work
(Amin CH) 2b)

If 1M was a tensor product siate, % 's are (ndependent and E[X ]z b
50, concentvabon boonds syl l'rnf\y that _l_i)gc s close
T

As we have seen before ih the comtext of QMA am})hﬁ'cqtbn, ehfangled
onofs (>  can ohly be worse

Proof of Completeness

Lemma | K-Loeal Hamtonian is QMA-havd {for k2 5.

Proof  Let LEQMA and V be the efficient gquantum venfier for L

We will gi\le on efficient procedure that takes an ihstance x of L
and produces a local Hamiltonian instapce such that

for some b-a= Po_lyfh)

f XeL =¥ . <a
if xgL = p. > b
We will do 4his by e.ncoding— each step of e venfier as a HamiHonian ferm

let the verfer V be given by

inpu’c 1% X
Uy
[} Uz
wrthess (71D —— N .
Ur
ohclla  10%)

wheve U;'s are single or o - qublt gq—Les, T= Po)‘yﬁg?ym)
and the accepian ce Pmbqb))lt'y of venfier 5 1-2
which we can assume b)/ amPhﬁ'ca’abn

let us ﬁrs‘b constryct & K- Local Hamiltonian H
where k= O(log‘ T) instead of o)

The E’round states of Hamitonian H ar the hfsfov)/ states

T
|y = _1 S e 12y
where Q ' {
wi CCL“ the
| LD = U‘to‘li‘l T ‘UlQ—x)l'lT)lO 7) wie

snaPshof state
at tme t

@



with [ bel'ng o proof -that maximizes P [ VO 10" acce[rts]

1) is a (g T) qubit vegister that stores which snapshot we vecord

Moreover, If el = iy (H) £ EXPC—n)
If x¢L = M (H) 2 & for some Constant c .
T3

Note that we keeF the. execution hn.‘s*ror)/ of the wevifier as a SUFerFosfabn

Ouor Hamitonian wil have local teyme that enforce,c that the ground State
Cowas];or\d to the anFShOw‘.s :

Start Tntbial snayshot 1J,2=|00® Im® 10*)  for some |77

Each cnsecvtive Snapshot satisfies

Evolvtion
1N,2= U, Iy, ?

Mcqsoring +the :ﬁrgt q/ubit- of the f\'nql anFsbot (S22 oub,:uts 1

End
W.h.P.

-
K we had @ o[/uan’wm state VLY = X _ S H:)@lﬂ_b7
VT#( teo

sa{:isfyfng’ oll of these constraints , then we coold conclude
that 3 o state mm) st. f we execwted Varfier on  Od®IME0*?

it would accept whf , thus cw-bﬁ(‘ying— that xe L
Whai do 4he Hamiltenian ferms look lke ? Let's divide opr qubits into
different vepisters

= Clock Y&glsber With O((OET) q/ubfts

= inftial fnfm‘: Yegl'str

c
X
P = inttinl proof vegister
A anhcilfas

\

For the start check, we need 4o epsure tat X regfstcr of 2D
is in the > state and that A ye_gl‘sfcr are [0%)

We aan 6nf0rcc the %) FGY-L by using

Hl.fx) = 10Xo| ® li;Xx_ng'i for i=1,...n

wheve (oXol, s the projectdr on clock stmie ba'ng lo?
and  |XXx;| = projector on the ith qpoit of X peing n [X; 7 stale
Xt



What this term says #hat ether the clock Yegl'sfcr s not 100 In
which case we don't care abovt this term or K the clock vegl‘sie:r
's 10), then 4o minimize the energy the i qubit of Xi beder
be in +the sState [x.%

Similarly , Yo enforce the ancdias,

(A _
H = oXol ® l1X1IA_

L
7L

The END check s ko sn'mple. Just add the 4eym

Hewp = ITXTI @ 00|

tput

“The evolution checks will ensvve that the computation evolves csrvectly
between every time t and t+1

We will see them and comFlctc the ana()lsfs N the next lectvre



