LECTUVRE 11 (Fe.b—rum:y 21)

Topay  Random Oracle Sefarq{—tbr) QC BAP- search from BPP search

RECAP  Result 3 NP-search problem thab is in 8GP°
bub not in BPPY th over the choice of O

Yamakawa- thndvy gearch Problem Invcrb'ng o spccl'ffc One -way fonction

Let 3 be an a}Phabd’ that we will choose +o be E; wheve q is a prime
power with q,° o)

O: £ —» 70,12 be a random ovacle
Ce 7" be a 5obs7>ace of (ﬂ: ) that forms an ervor- cowecﬁng code

with certain propertues that we describe (ater

[Problem]  Let f: ¢ — $0,3" be defined as

fle-. 0y = (OCC;),---- O(Cn)) Domain is the seft of
codewovds

Find a preimage of O

Theorem choosl‘ng C qp})ro]:ﬂhtd/, NhF over choice of 0

(1) 3 o quantom qlgofrb‘vm that can approxlmately prepam o umform
sterPosﬁ:lon over all solotions with poly(n) queres
ie. & can Prepare the state

o< 2 (x>
x€{-'(0)

c

2) any classical alga'/}thm veqju{vcs o" queries o f(nd o ):re-n'mage
This Prablem i« in NP given access 1o the ovacle fWhy .?]

How to choose C 7  Assume that each symbol of the each codeword ¢ is dishhd

O Lst Rccove_rab'lll‘{:ll'- This will be he.lpfol I ensuring classical hardness Such codes
extusk

) De.codfng from vandom etrors in the dual code  [his wil be heJ})ful in deu’ghihg
the  goartom algo:r%thm




Quantum Algov'rH')m How o efficiently prepare the stgte

\q)> o< 3 |e .?

cec :fle1 =0

Consider the followinp two states which can be effitiently ’Prquved:

|1c7 = 2, Ic? and llPu) o< X IxX?
CeC xe3" 0Cx)= o"
On\y SOWoﬁf-O\ Ohl\/ _su))Portec( over O 'FYﬁIngCS
on codewgrds but over +the entir q[Fhabe’c g

and not jost the domain C= sh

If we could Somehow take pothSe ondud: of these +4wo states and normalie.
we would be done ! Not o. linear oferatton

Instead we will apply &FT

Quantvm Fourier Transform GQFT  Analogue  of- HE" on lafgef ql)Dhabets

This is a Unii:qry tranSfOYmQh‘Ol’l that \'T\C{?J Hcvc
@n ® 1S qus(x V)yb x € i whe-re 2= H:
QFT |x> —» (f‘_{ el where = P for prime P
v~ ~anplivde i Standard basis
Notation 1§ = ZFE 10O

r; ampl(-tudt in Founer basic

Then  we denote by (= QFTH> = £ 5@ HO
X
Two very usefvl properties of QFT
© Pointwise Pwdvct becomes onvavtion after QFT [ Exercise |

| fe07 = 2 £60 p(x) 127

2\ en
1f.gY = QFTIfop 0 = L FTA3010>  wheve faplx)= 3 fy)§@
g frg 7= — Zike fag H_XH g

® QFT of unifom svperposttion over svbspace C is onfonm Superposrtion
over dual SUbs])ace, C

®@n
1 5 10 T 1 ¢ llvr)
Jol ec JI—CTJ rEC-

where C'L= {c{ | c.d=0 ¥ c7



Back to the quantum olpovithm How o efficiently prepare the stgte

\L\J> o< S e ?

cec :fle\ =0
Consider the :fo“ow;hg’ two states
I:I-c> =1 7 and llpu> o< o, 1A?
Jig) ¢¢€¢ xeg": 0()=0

We want to dake pointwise product of 112 & 1% (and normalize )
Soppare. we. apply QFT, take convolvtion and apply invere QFT
~— N

Not o un(l:QV)l ov “neqr OFQYO.HOH \n geheral

RFTH RFT A
A
11,70 L O > (g 1, (2 Iz?)@ (% Lo te11€))
\_\/_J
: L
unif. over (
A ~
= 2 1@ Llpe@ e
cect ©C P
ees"
Vadd A A
Lole) o lObrey CZ;"C& 1.Ce) lpre(e)ic7 lete?
ee g™

Now ce C is a doal codeword and Juread:ihg e as an ervor
Suﬂ)ose we coould correct the Qvfov’i,,e., Yeect , Dacodecl(&e_) =C
Making this q um"cqry Ddﬁcode lcYlete? — |c - Decode(ce)?|cte ?

If Decode wos alwaye correct, then

A A
Udecode A ) s 10w Ce)) |0y®(Z7
Pz ool = F(5., 1O
e = N~
= :LC* iPYQC%)

Now we have 'mcmog’ed o ?fofom corvolotion 1 the fourer space



Applying an invese  QFT

I@(QFT-L)g —
—— = A" Z 122,802 12
z

o e 2 |2>)
ZcC
L {Ga=o"

Now all this is assoming™ the ideal scenanto where we can decode 4he dudl code ‘Fe;jceclzly
[\/\lh_\) is the above mot Poss}ble 2]
Tn geneval , one can only decode & Whp under some Ype of error ohd l}nr'emenf

the above civturt with Some ervor

What sort of cvrors? The eyvors come fYDm QFT Df ’1m>

1> = T 1O - ( zm)@)( )@ (2170)
2ed": O(x)=0" %xed *n€S

Otx)=0 0C7y)=0

Since 0:3-4013 (s a random ovacle ,%ypl't‘_a”)/ sz ofl g s \'aolored” wlIH'\ 0

xe2
oCxp=0

What s the QFT of ( /% s l7<>>.?

70 understand let us consider” the Hadamard examfle agcu'h, e, X={oJ"

n
If we have 1o 9 2

\EF x€{0,13"

Now soppare we color each x€ $0,8" , “"rep” OR "BLUE" wp. ¥, each

®h
and consider 1 T oy ciewus“ BRI where @ c(jfeendsl o
co O'ﬂng

XERED What do we ge’c here ?

In the exercseS, you wil be asked to show that

. 2 1 if e=0"
E RCRE f
RED/BLUE
coloving 1. 1 i e=#0
2. 2™

Thus, we get something that (o0ks lke Llov+ L X L & on averagre over
Iz Nz &0 choice of RED [BLUE

Cupto signs) @



Over the a\})hql)eb 2) we. ge_{' Son«.z\hl‘ng’ smilar , L2, 'fYFI\Ca“)/

Lioy+ £ 2 L _|e> on awerge over
Iz Nz 2:; [i21-1 choice of- O
(Uyto PhQSU)

12 7z et (15

N . (3] g!
_ﬁ\us’, QFT Ilp,&) = (_ﬂ—_\o> + 1+ Z |e>)
eel

N\ A
Z 10 Ce) lrr&(ﬁ) lc7 lcte?
cect
eeg”

Now , recall that we wart o anly Udecorle ‘o

®h .
One can think of QFT IlPY€> as a sofer]aosH:!‘on over exvors

I we measure each Symbol of the exror , with Pfoba)oih'{y 2—7: We. get e=0 (noerrof)

with onbqb;‘l@ L we ng e 1o be
= a random shift

Overall, each coovdinate of the codeword ¢ is Corrypted u‘nderenden’cl)/

And {'\/P\‘call)/ half of the cwordinates are QorrU)?JcEC\

If oor code can corrupt such errm  with high probability , we can
?hwr\cment the above (deal” algorFthm C!P})TDXI'MQ":EDI

Concvete,ly , what we want

Consider 0 random evvor e sampled as follovs

Ple=0)=1
) - for each oordingte

Ple =2]= X  ¥z2e3\?f ‘ndependentl
Lecs2) = iy Yo ndegendenty

‘Theny we want 0 decodine’ a(gt)fﬂbm D‘atodecl o},

P [’v‘ce ct . thdecicc"'e) =c] = l_z-éc‘n)
e



Lowey Bouvnd fOf Classical Pi@n'thms

For this, we need ahother Frorefty of the code

O Lst Recove_rqb]li{:li This will be he.leol in cnsun'ng classical hardness

: Jh
SU”)QS‘e, we fix 8,,S,,..- ,S5,¢23 wheve lSl= 2

and consider codewords c e 2" where ¢ € S
c,l_e S,

Che S,

3y
Then, # svch codewords shoold be < 2"

To sn‘th}Cy the avgoment we wil assome that the afg—oﬂ;H)m 3 hon—ac(af{/\ve
Le. t decides ok -the beginming all queries & ik going o make

The Pvaof Wotke also for adq,')h've alg—ov%ms Wih a small modlffcaHOn of the

argvmmt

. , JR .
Assume that -the a(g—on"l:hm atﬁf’u.ts Cne- Ch G5 a preimage a:f g with 2 n Zuenes
Then, we may assume -that algovf’d—;m %uen'es 0(¢) ,06(c;) ... O(cn) [klhy f]

So, ne pictre Looks ike ic for the fiik coordingte
the a(gm:thm guevies S, , fox dhe second & queres S,
and co on where each |5[) < ZJh

In F)‘c}cu-rg 5 1 2 "
. Wheve Z\ denotes the gperties
2 % % q(gmu%m makes
L .
, Z / Z Note. that (2] = S and

3/"

h . .
Theve ave at most 2 codewords consistent with EJ
One of these is the ootpu’c

-h —C-h

\ ' h3/'1 p—
E’D[any Of-‘thfSc IS O PYf_Imagt @f O"] =2 2 = 2



Neay-term Ruantum Ad\(ankqge,

YZ- search Frcb!em s in BQP‘D

} Provablc cluam‘:om qd\/an-(:age & wWe can instantiate
nO‘l‘ h BPPU

w/'#l ) cr)fp-bgrqfh)'c, hash jum{-/'on
L in NPP } vcriﬁbble i fol/--z';/'me b/ classical a‘[f’oﬂ:H’)m

But the Pmblem s that the cluan’wm Crcort 1o Sohve & can't be t'm}?lemenfcd on
Cury ent (zuar\i‘um devices wWhich are ’nOL'C/ & lmited 4 small- c/E/Dz'h Com/Duba{/bn

Near - £tvm ex):e_w}wenés are based on vandom circot or boson sampling'

Random Circort Samf[('ng Random Quantum |
Circv it I;;E

Gven a +andom quortum circort  obtained  from a "51}n/1>le ! fqmz})/ , samjle
from e ovbpué  distnbutir

Boson Sam./)l/hg P v
- N — m modes Samrlc‘ fmm a.H;Fui'

S/ o distmbution Q‘J‘ b ason

> — sam t'ng’ Exiaeﬂ'ment

Random beams;:(%btm

=
(17

phcrkons

These Qre meqr-term, we have Some eyidence Ef clt)ah{'Urn qz{uaniage , GW’DUA’?? there I
still a lot we dont know but mnot verifable 603'7)'

Holy - grqi( = Provafle guartum  advantage + Near-term + Verfighle

Now we are gohéo to focus on Randem Circurt Sam/vlzhg & (onsider what evidence
of Quan-wm aduantage do we have . We won’t cover boson sumph'ngr here

Note : Both these fasks ave practicelly useless Cexcept for maybe geh&rab'ng yahdomness?
but for now we want o demonstrate cLuqn%om advantage ex/Dew'menia/}/

Warning + This is a quidl)/ evolving- field and we are anly poip” 0 talk about some

intal yesults

Practically , it & not clear whether the evidence is vobust in the Presence of
noise. and whether we have cffccé«'vel)/ demonstrate] (Zuantum adv anéa&rc
sinte.  these gx}ven'ments are harcd 4o ecale & '\/Err'ﬁ/



Sampling from the oulput distnbvbion of a quantom civeut (s A P-hard
= as hard as counbhp
nomber of* Soltions

SAT - formula of a SAT formula

T
y> = L 2 1)1 QeD
Tan AR L output qublt

Ly [ outpet is 1] = jad Saasfy""g assigrnme s
2

“Thic seemns Promising but we need sfm)oler classer of iuanﬁ)m cfrcw.t.r
ond mneed that thic i vobuct 4o erromm £ Nholce

which @xpct Sampa'ng is hnot

Dream Conjectore  There eite a simple famly of quantom cireoits sit.
approximating  I<ylClo™I*  for most  outcomes yefan}”

ts #P-hard when C (s drawn at random

“This ignoves notse in the cLualhEom arcut Which (s also someﬁw'ng
one has 1o take thto accovnt

In order 40 do #is, we need the noton of postselection & the comflexff:}/ class
pos€BQP

Post BQP postselection bits Pe {0113
BGYP F sutput bt A

tireort

Po\y(h')

_.Fo\y('n)
A problem is in postBRP f (7 P[ post selectfon bits = 0---0] 72

(2) f[ A (s correct | P=0--0]] 3%
We are c_ondl"b‘ohl:hg’ oh oh eveht O_'f QxPonen'H'a”)l Small ]meab)'hij/

This 1 not thsfcq[ly wable but s a very r’O\NQYﬁJl thearetical todl

SPeCl\Ql S{,‘Q'be_

NP C postBQP | Iy2= fi-g [ L Z.\?Dl(p(x))) + JZ )abort D)1
| E rego.3" Ly= o000 /—.

nd ‘ \ 2"
T we ?asl:seleci: on 2 qubit bethg 1,

vinormalized 19) = 72 T 1Y +J¢ |abertD
= x: QPlxl=1



If @ is unsobisfiable measuring fist register gives abord

Otherwise in the worst-Case QP has o sihple satisfying assignment x"
so the unnormqlized State ¢

Ji—¢ |7(*7 + Ve labor&?
2r

2 L 14" + 00l |abort?

—

Jzn =n

P (we measore 2" 2 0-99

We can de}ine the classical ‘version )90.9{ BPP simi[a/))/ anhdd the above alco works
for Fost BfP

“Theovem Pos{BQP = PP — walems where ~vandom qlgrm,'—qum
do S‘]Ig'hﬂy better than vandonm gue&ririo

postBRP s PP follows from just minor modifications ts the BQP =PP
PYOO]C we caw eaqrlier

“The other clrechon is hon-trivial and wos shown by Aaronson

We are not going to cover he TYOQf in the lectore but I mfg’h{-
{:\ry o Thoke an exeruse ovt of it

“Theovem PoséBQP= Posl:BPP =3 PH colquse; s the thrd level

'PYoof :follow_c fmm o bonch o:f- known Qomflcx'rt)/ veso[is
which I dont ex?ect everyshe Is kpow, so we an gm'ng'
to 4ake it for grqn’cﬁd

Now the punchlre is ; you con take o Smple quantom civeoit dlass C

for Qxam]))e A circots WJhich look Like HO" p BN where D ¢
a dn'agonal Unifary in the tom);u{:octl'oml basl's

These Cirwis ave way less powexful than BQP but if we give
them the power of postselection , they become as powerfol as postRGY



“Theovem Post I@P = pastBRP

Now, if there was on exact dassical SC(mP]-CY to sum}:le from oot?u-k dllstn'bu%iOn
for an IQp cireuit, then we wuld cfarsu‘cqn)/ postselect ahd

POS‘tBPP: PO&%IQP =postBQP = PH collapses

“These. circurts cannot Soive many  problems bt for the sloedjefc probleme
they solve , a classical computer covld not sdve them omless PH

col |Q‘PSQS

Caveats © We have shown existence which says in the worst-case
samplfng frem an IQP circnt is hod clqsm'call)/

but if it was a siagle patholopical case, ® may not
be usefol experimentally

Can we say that on average this task s hard 7

@ qul'h the above assumes =xact Sqm}?)@r which ¢ agq/n
hot exprrimentally feagble

Can we say that this i stll hard o the clagsical
Sam}JIEr Squle,c from a distnbution that s &-close
in totql variotion distapce 7



