LECTURE 10  ( Febvvavy 19)

TODAY Do quarntum sFeeduPS need gtructure ?
Search Problems

So for, we have seen Some ]aroblems where  guantvm qlgorl'thms are ex?onen‘b'a”)/
faster
/f is One-to-one

For e—\(arque , Simon's Ffoblem N
3s st. fCx@S) =fx) ¥ =

OR Forvelation input is very Founer covrelated
)_' ihput is ot very Founer covrelated

On the other hand, for Unstructured Search problem

— f 3 x st.fx)=0

)

—— no such % exisds

we had a quadratic advantage

> Can we idcr\tﬂfy Some. general Pn‘ndples required 1o have
an expanerrtial goantom advqh'bage?

Promice ve Total Problems

Simon's Problcm % Forrelation arve Promffe Fvoblems
whtle
Unstructored cearch & o total ‘PTObIE.ITI

Ave ex]:'one.rrl:th\ sreedofs Pogs;He Jor total ’Problems ! No!

Theorem  For any total Pfoble.m that has a  quantom alg—ofi%m wrth g ciuen'e:
there (s a vandomized algmiﬂwm that makes cf CLoew'cs.

Infact , 3 determimstic algoﬁ'thm that makes q/L' ciueﬁ'g;_

Voo will be asked 4o prove this n an oﬂ:l'dnal homework exevcise



Unstructored ve  Structured Problems

Simon ‘s Problem ond Torvelotion used a structovec oracle
E.g. In Simon’s  oracle was a Proble_m with an a(gebrcu‘c, Structore
in  fovrelofion, orvacle wWor Foorer Corre(aled

ON 4he cother hand , for onstroctured  seqrch ,one can take dhe omde
o be an unstructured ovade

ie. 0. §£0,3" — fo,3 that 4he alporithm is making- q/uerfes lo
is a +vandom fontdion

( OR ectoivq[cnﬂy ,the truvth tgble o_f the omcle whose bits are czven'ea
\)y the a\grorffﬂwm is o vandom stringr of Iengﬂ-: 2n)

\/\lhy do we Want ah unsStructored oracle ?

® Recall that the resos are in a black-box access model
The hOfc is that if the ovacle s a vandom funchion,
the algorithm shovld net be able to e any sPecg%'c_
pro?u’cies of 4he black-box and svch an assomphbn s

closer 4o veal world

® Ohe can instantiate the random fonction oracle with a CY}/Pngrqfhfc

hash function 1o gef Q veal - world "}rOHEh'\ dhat we believe covld be

o candidate for guantom advantage

This is again not & prwof but probably & more Conincing heonstie @uidence
Ave quantom speedops possible for onstructored promise prablems ©
ie. g{vzn accessiwl 0 ‘ wWhere Oh: {o,n]“—a{o,nj 1S a vandom fonction

can we have an cxfenenJa‘qI C[uam‘;vm advan{agﬁ uo.h.P. over the choice OJQ f ¢

Ths is not ?css3ble for total prblems as e alrcad] saw, bot is it Poss;'ble
Lor promise problems

Conjectvre. | On 1-£& frackion of the oracles the accepiance pYobq‘bil{l}/ of a
Folklove qU antom a(gon"mm that makes g queries and oviputs a bit,
> can be qP)Dvox;matwl Up o an addiive evror £

Jo's
by @ classical algor'rbhm maklng' Polycd,é) CLU&T"ES.



= On 394 of the ovacles , 3 a classical algorf'lﬁm that effe_ctivcy
comPutes the same. answer with onl)/ a Polynomn'al overhead 'n q/uevu‘e.s

So, ho qluantvrn advantage is Fo&sible ﬁjr onstructored decision 7)mb[ams
assomir\g this COﬂJQC‘tUYQ-'

Does the 5{-017 end here ? What dabovt search or :qmrh'ng Pmblems ?
Are unstructored sru:duf)s Possiblc?

Separation of BQP-Storch from BPP-seqrch Wrt yandom oracles [VaInakawa-thnd{y 22]

0
Result 3 NP - search PYobIcm that is th BQPO
bul not in BPPO th. over the choice Of @)

So unctructured S‘J)eeddfs seem 16 be Possible here !

Open problem | Can we fid other examfle of such seqrch Prab(ems?

Yama kawa- thndvj gearch Problem Invcrb'ng o specl'f:'c One -way fohction

let 3 be an a}Phabd’ that we will choose +o be B:q:\ wheve q is a Prime

powey with q,° on?)
O: £ —» 40,12 be a random ovacle

ce 7" be a sobsTace of (ﬁi")" that forms an error-cowecﬁ'ng code
with certain properties that we describe later

Problem] ~ Let §: ¢ — 043" be defind as

FCeinty) = (004, - Ocn)) Domain is the sef of
Codewovds
Find a preimage of O

Theorem Choosl‘ng C appropriatdy , whp over choice of 0
(1) 9 a quqnwm algm'ﬁvm that can appvoximatel}/ pre]:are a um'fi)rm
SthrPos)'Hon over all solotions with Po)y(n) queries
ie. & cap Fn)pqarc the cstate

o< D [xD
x€{+'(0)



c

2) any class cal a!gavFme quju{ves o™ queries to f('nd b\ Pre-n'mage
“This Problem i in NP gl'ven access 1o the ovacle fwhy .?]

How to choose C 7  Assume that each symbol of the each codeword ¢ is distind

© List Recoverability :  This will be he.lpfol I ensuring classical hardness

Such codes
_ . exct
©) De_cod(ng from vandom etrovs n the dval code  [his will be be.lfful (n denghihg
the  goartom algm%thm
Quantvm Algovi‘H')m How 1o efficiently prepave the stabe
\LP} o< S e .?
cec :fle\=0
Consider the :foHow(ng two Stotes
1,72 = T 1 and 1L, o< Z 17
cec xe3™ 0e0=0"
On\y Soﬂ’oﬁﬂd On|y suﬂaortec( over On ’Freimagcs
on codewords but over 4he entire a[Phabet- g

and hot just the demaih C<= st

If we could somehow take pointwise pvoduct of these two states and normalie it
we would be done !

The Problem is thet 4his s het a Unffmy or even a linear oTeYabbn q/oy,'on'
So, we wil hed to we someﬂwthg else

We wall CIPF‘)/ the @vantum Fourer Transform and pse another Pro}?aﬂy oj‘-—the code

Let vs vecall the Quantom Tourier “Tahsform and cts onPeYﬁ'es

This is simlar to Hadamavd which takes rxe_-{o,)}m and

Ao
H®hl¢> — L 2En ny)

f2r vefoi3”



Quantum Fourier Transform GFT This can be \‘mPlerne_n’ced efficiently

This is a unit-qry transformabion that maps

. Py K s
QFT |%x> —» L = wﬂxy)ly) O L?n °
R AR ar B (x-y)
® ¥Yxe 2\0} | < W, =0
yes

where x € ih where 2=H:%“ where  g= PT for prime P

Notaktion 12 = gf(x) %>
“Then , we denote by |$7= QFTH? = i_’?‘(m) %2
ftx) is amplitvde i Standard basis il -F(;g) S the amflftade
ih the Toutier basis
Two very useful properkies of QFT
O Poinwise prodvet becomes Convolubion after QFT [ Exercise ]

07 = Z 460 p(x) 117

-\ A A
1FgY= QFTIfop 0 = L STl where fapt0 = 3 f(y)f@

® QFT of yniform _g‘vJ?EfPOSitl'on over svbspace C is oniform .cuPchosf'hbn
over dual Subsrace_ C

1 s 0 L2
\[ic_l x€EC J”c‘r’ XEC+

where (L= 3d | c.d=0 #c}

®h
E.g. L3 L 0™y
\/'2—)1——7 xef0u3"
Xh=0
C={x %207 ct= { X (%= A= 2 %0

NEXT TIME Algorthm & s amalysis




