
FACTURE8 (February 12)

DAY BQP US PH

First
.
Letvs introduce the motivations behind this question and the complexity

class PH which stands for the polynomial hierarchy and contains P , ND, COND

We have seen some evidence in the form of oracle separations that BQP
cannot solve NP-complete problems

So
, if not NP-complete problems, what other practical problems might be
candidates for quantum advantage ?

Q NP-intermediate problems ? This includes factoring , Graph isomorphism ,
Lattice problems but we don't know too

many NP-intermediate problems

② something outside of NP e.g in PH ?

This is one of the first motivations for studying the BQP vs PH question

The other is related to getting better evidence that BQP cannot solve NP

complete problems, for instance,

If NP -> BQP ,
then a widely believed conjecture about the

"collapse" of PH is falsea Note that there are no oracles

in this statement

This also requires us to first understand the BQP vs PH problem

Another motivation is related to the question :

can quantum computing survive P = NP ?
i. e. even if PINO ,

does BQPEP :

The answer is NO
, if BQP I PH

So
, we must seek some evidence that BQP &PH

In the next couple of lectures . We are going to see some heuristic evidence
for this in the forc of oracle separation : 10 St. BQPO & PHO

This is one of the major results in the last five years proved by Raz & Tal

and was a open problem for 30 years
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What is the polynomial hierarchy ?

Let us first recall P = languages decided by a poly-TM M

x -L # 7 poly-TM s.t . M(x) = 1

NP = languages where there is an efficient certificate
that Poly-TM accepts

X E L = - We 20 , 13Poly(I)s. t . M(x,w) = 1

SAT is NP-complete whereW= satisfying assignment

Now consider the following problem :

&SAT = "Given a boolean formula 4 (x ..... Xn. Y . ----Yu)

I

Yx7ys . t . G(x,y) = 1

This is a very natural problem but it is not obvious if this in NP

but if we define the following complexity class

& = languages st.

XEL #W
,
74

_
S.t. M(x

, W , 2) = 1

Then
. ESAT -E and one can also show that it is a complete problem

for this class.

&is called the second level of the polynomial hierarchy

In general one can define E =

languages s. t .

x L An
,
FW

,
FU
,
s
.

t. M(x
,Wys4 , ) = 1.

with complete problem &SAT and so on for higher levels .

Polynomial Hierarchy is defined as

PH= & where &P = P , &P = NP

It is believed that each level of the hierarchy is distinct
P = NP means the hierarchy collapses to the zeroth level

so
,
a weaker form of the PENP conjecture is that#E for some finite :

②



Another equivalent definition of PH is in terms of oracles

&
P
= NDND &

P
= NPNPN and so on

There are more equivalent definitions[consult the Arora-Barak textbook]

our goal is to show that - oracle O st
.
BQP" #PHO

This involves showing

(1) => a polynomial query quantum algorithm that can query 0 and solve the problem

(2) No PH-machine with query access to 0 can solve the problem

To show (2)
,

it suffices to study ACO circuits - these are constant depth circuits
where the bottom layer is input or its negation , and every other alternating- layer
consists of AND or OR gate with unbounded fan-in
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connection between PH-oracle machines and AC
°

-circuits

consider the language Lo = [1")0 on inputs of length I has some property)

Let MO be a PH-oracle machine with k quantifiers making queries to oracle

0 on inputs of length [p(n) = poly(n) in time p(n) . q(x) = poly(n)

Ther
,
I an AC-circuit family with input N=2P bits

,
with depth K+1 , size zPolylogins

that outputs the same answer

In particularn suppose we view M as reading bits of the truth table of O
which has size 2P = N

M asks for a bit :<(N) by giving its binary description and Oracle gives Oli

Let us denote X
....

-- YN = Oll)
.......

O(N) to be the truth table of 0
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Then
,
the AC: circuit looks like

x
,

&T-Y I
i ↓-x
#

size = Polylog
!

*DY
&->TJ/

xN-
depth R+1

Why should this be the case ?

To see this
.
We consider &P-oracle machines , aka , NP-oracle machines

These use a single - quantifier and give rise to a depth - 2 AC-circuit

This will introduce the key idea. In the general case - when there are k quantifiers
one can easily extend the ideas here to get a depth K+ 1 circuit .

What does an NPO machine do on imput1" ?

We have mostly use the characterization of NP-machines in terms of certificates
but here we will need to use the non-determinism characterization

In particular, a deterministic Turing machine or algorithm on input 1
queries the oracle and depending on the answer chooses its next step
deterministically

OverOracecaresser
current new

.......

state state

A non-deterministic algorithm can choose among several different "next steps"

This leads to many paths in the underlying state space graph that end up in O or 1

(the answer)
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If input 1" to the machine is in the language, then the guarantee is
that there is a path that ends in the answer 1

The path is of p(m) - g() = poly(n) length and serves as a witness/certificate

If input It is not in the language , then all paths end in o

Now to convert this into depth - 2 AC circuit

Let us take any path in the "state space" graph

If the path queries bits say 1 , 4 , 10 and received answers x, = 0 , 44 = 1 , 40 = 0

then we add a AND gate as follows

* This gate outputs 1 iff x, =0 , X4= 1 , Xp = 0

T1 44 Fo

We add such AND gates for each accepting path and then add a single OR gate
in the top Layer connected to all the AND gates

#
= The OR gate checks if7 path

d that outputs 1

# ......-AND E
Each AND gate corresponds to

/A/N checking if all queries along a/

E, x4 No xs X6F+
path are consistent with what

the oracle says.

All AND gates together remove all accepting paths not consistent with oracle answers ⑤



Overall
,
# Input bits N = zP(u)

# gates = #Paths = 2
P() · gla

= Ma( = N
PolylogN)

= ePoly(N)

Depth = 2

In general , the same idea works if there are k quantifiers with each quantifier
giving us a layer of AND or OR gates

To prove it formally , one needs the concept of alternating Turing machines
which are generalization of non-deterministic TMs where steps are labeled
with quantifiers ,

so we are not going to cover it here

separating Quantum Algorithms from AC circuits

With this connection
,
Raz & Tal showed the following

Let x...... XN be the truth-table of an oracle

A guantum algorithm can query bits in a superposition via the phase oracl

(i) -> xi(i) Where xi < E113 #qubits = 108- N

An AC-circuit takes in input x ...... XN

-> called the Forrier Correlation problemTheme I a problem s
.
t

.

(1) A quantum algorithm can solve it with one query with success

probability
-& PolylogT)

* One can make this Eto . 1 but its moree

complicated and we won't cover it here

(2) Any AC circuit of size &Polylog/N) has success probability

poly)og(N)
-

atmost E
+ E + o2

=> Using diagonization and above connection between PH-oracle machines
and ACO circuit this implies that

= 0 s
.

t. BQpO & PHO

⑥



Forvier Correlation or Forrelation Problem introduced by Aaronson

ut Xi . ---YN , D ....YEEIg2N => One can encode this with In qubits where N =2
"

Decide if Ey) 7 -
1 "Accept" H = H

*" is the
-

32.10gN Hadamard Matrix

of size 2" x 2" = NXN

Hy71 : Gr
"Reject

Note, # and # are unit vectors and H is a unitary Matrix
↓T

so
. <Hy) - [ Also

.
Note <xH) = &KiYi Hi

Reject Accept
---
- 1 O 1

Why the name ?H is also called the Fourier Transform matrix
and Hy is the Forrier Transform of y

So. we are checking if x is correlated with

the Fourier transform of y

Connection to Quantum Circuits

QM

10) - # - On
*
- Oy H

**m

12) -> xili) (j)+ yj(j)

The final state of this circuit (before measurement) in the computational
basis 10)

,
11
..... IN) looks like

(y)(0) + - (1) +
- 12) +.... (Exercise)

The amplitude of 107 is exactly the quantity we are interested in

One can use this to come up with a 1-query algorithm for
this problem that succeeds with probability

E+ (Exercise)

NEXTTIME Classical Lower Bound for Forrelation ⑦


