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Agenda

m Two-player Games, NE (recall)

B /ero-sum games

Minmax Theorem
LP-duality

m Lemke-Howson Algorithm
m Class PPAD



Our focus: Two-player games
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2-Nash Characterization

i Alice

m For Alice, it" strategy gives
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2-Nash Characterization

i Alice

m For Alice, it" strategy gives

1A

— ) Ay = (Ay);
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Alice Bob
Randomize
V1 eee e Vi eee e VYn V1 een en Vi e e Yn
X1
A Xi B
xm
xTAy xTBy
NE: No unilateral deviation 1s beneficial
xTAy = z'Ay, Vz €A,
x'"By >x"Bz, VzE€A\,




Nash Eq. Characterization



2-Nash Characterization

i Alice

m For Alice, it" strategy gives

1A

— ) Ay = (Ay);



m (" strategy glves Alice

V1]
: [

A |

m Max possible payoff: max (4dy); = M Vo &4
l

-

m x achieves max payoff iff
xTAy = (Ay);, Vi

Vk, x, > 0=k € argmax (Ay);
i

Complementarity



4

Polyhedra *

max-payoff < my max-payoif < mp
p Vi,(Ay); < my 0 vJ, (xTB)j = Tlp
vy E A, X €Ay,




4

P

NE Characterization

max-payoif < 1y

4

max-payoff < g

Vi,(Ay); < w4 vj,(x"B)j < mp
vy EA, X €A,
NE iff Complementarity
Vi < m, x; > 0> (Ay); = my
Vj <n, y; > 0= (x"B); =mp




P Vi,(Ay); < my 0 vJ, (xTB)j < Tlg
Yy EA, X €Ay,

(YIEA)EPJ (X,T[B)EQ

2-Nash

s.t. (y, 1) € P,(x,m5) €Q ity Mo < Pyl
f (x,%4) is ANE



Zero-sum Games
Von Neuman’s maxmin theorem (1928) = LP-duality



P Vi, (A:Y)l < TT 4
y €Ay

(Y;n-A) € P,

Vj, (xTB)_] = Ip
X €A,

(X, T[B) € Q

Theorem. If (4, B) 1s zero-sum, 1.e., A + B = 0, then

2-Nash — linear programming

max: x' (A + B)y — (m, + mp)

s.t. (y,m,) €P,

(X, T[B) € Q




p| Vi, (Ay); S my Q Vj, (x"B)j < mp
y €A, X € Ay,

(y,m4) € P, (x,mp) € Q

Theorem. If (4, B) 1s zero-sum, 1.e., A + B = 0, then

2-Nash — linear programming

max: —(1m, + mg)
s.t. (y) T[A) € P, (X, T[B) € Q



Theorem. [von Neumann>28] (max-min = min-max) Game (Z3<2A).
Wrt. Ahce 1S a max1m1zer and Bob minimizer. Then,

‘'max minx’ Ay E{min max x’ Ay | & the max-min is NE.
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Computation in general?

NE existence via fixed-point theorem.




Computation? (1n Econ)

m Special cases: Dantzig’51, Lemke-Howson’64,
Elzen-Talman’88, Govindan-Wilson’03, ...

m Scarf’67: Approximate fixed-point.

Numerical instability
Not efficient!



Lemke-Howson (1964)

(also a motivation for class PPAD)

Follows a path on a polytope



Basic Polytope Properties

Linear inequalities: (dimension=2)
@ xl,gz > (
& x; <10
@Xz < 10

@ X1 + X9 < 15




Basic Polytope Properties

m Given Am)(d; mel: ’.‘

] (AX)l < bi,Vi =1,...,m

In d dimension

Hyper-plane i: (Ax); = b;
(Inequality i 1s tight (holds with equality)).
m (d — k) tight inequ. on k-dimensional face
At a vertex (0-dim), d tight 1neq.
On an edge (1-dim), (d-1) tight ineq.



Basic Polytope Properties

‘4 S Bvim 1 eyl

Hyper-plane i: (Ax); = b; e
(Inequality i 1s tight (equality)).

m (d — k) tight inequ. on k-face
At a vertex (0-dim), d tight 1neq.

. L =b
On an edge (1-dim), (d-1) tight 1neq. . (Mb \
2 bi :
W =b WO (A = )
(Ax); = b; m y 4Oy =b -
: o\
W)J ’E,{ u (' \ﬁ# )K

u, v share d-1 tight ineq.
These are also tight on connecting edge



" JEE—
Finding NE 1n game (A, B)

U



" A
NE Characterization

NE iff Complementarity
Vi < m, x; > 0> (Ay); = my
Vj < n, y; > 0= (x"B); =mp




" A
NE Characterization

NE iff Complementarity
Vi < m, x; =0 or (Ay); = my
Vj <n, y; =0 or (x"B); =mp




Finding NE 1n game (A, B)

NE iff Complementarity
Vi <m, x; > 0= (Ay); = my
VjSTl, yj>0=>(xTB)j=7TB

v



Finding NE 1n game (A, B)

@ d=m-+n

Given MdXd > O find x € Rd, x #+ 0 s.t.
Vi<d, x;=0, (Mx); <1

.X'l>0 ﬁ(MX)lzl
=x; =0 OR (Mx);=1

v (2 2[5



Find x # 0 s.t.
Vi<d, x;=0, (Mx); <1 — d-dim polytope P

x; =0 or (Mx); =1 —> Label/colori is present

xy=0o0or (Mx);=1 x,=0o0r (Mx), =1
Xy =0 or (Mx), =1 ‘.‘

x3 =0 or (Mx); =1 xqg =0 or (Mx)gq

m Define L(x) = {i | label/color i is present at x}

m Fully-labeled/panchromatic set of points

S={x|L(x)={1,..,d}}.

Vertices.
0€S. xeS§5\{0}iffxisasolution— new goal!



x; =0 or (Mx); =1 —> Label/color i present

m /-almost fully-labeled set, S; = {x |L(x) 2 {2, ..., d}}.
S c §;. Vertices + edge.

Lemke-Howson follows a path in S,



Structure of S
(Paths and Cycles)



Vi, x; = 0, (Mx); <1 = d-dim P

x; =0 or (Mx); =1 —> Label/color i

m Vertex v € S; \ S. Then L(v) = {2, ...,d}
Foreachi € {2,...,d}, x; = 0or (Mx); =1
Unique k € {2, ...,d} s.t. x, = 0 and (Mx), =1
k 1s duplicate

Both edges are in S5
Any other? No!

Claim 1. deg(v) =2ifv e S\ S



Starting vertex

Vi, .X'i = 0, (M_X)l <1 > C-dlmP

x; =0 or (Mx); =1 —> Label/color i

m Vertex v € S(c S;). Then L(v) = {1, ...,d}
No duplicate label.

m Can only leave label 1 to remain in S;

QS
1

x1=0

O -0 Claim 2. deg(v) =1ifves



[Lemke-Howson: Follow path starting at 0

m Vertex v € S(c S;). Then L(v) = {1, ...,d}

No duplicate label
x, =0
(Mx), =1
Q 1. Leave label 1
1/ g
/0 o ... \ 2. If Label 1 found
0d " * Then done.
3. Else leave
Thumb rule: Relax the one that duplicate label.

1s tight on the previous edge.

4. Go to 2.



Recall

Vi, Xi = 0, (MX)l <1l -—> d-dim P

x; =0 or (Mx); =1 —> Label/color i

m Vertex v € S; \ S. Then L(v) = {2, ...,d}
Foreachi € {2,...,d}, x; = 0or (Mx); =1
Unique k € {2, ...,d} s.t. x, = 0 and (Mx), =1
k 1s duplicate

Both edges are in S5
Any other? No!

Claim 1. deg(v) =2ifv e S\ S



Recall

Vi, x; = 0, (Mx); <1 = d-dim P

x; =0 or (Mx); =1 —> Label/color i

m Vertex v € S; \ S. Then L(v) = {2, ...,d}
Claim 1. deg(v) =2ifv e S\ S

xk=0

(MX)k =1
(4,
Q t)
9/ *“7 //\, 3 X . T]
x; =0 @h@\“ 0

m Vertex v € S(c S;). Then L(v) = {1, ...,d}
No duplicate label.
Claim 2. deg(v) =1ifv €S



S1: Structure

Vi, x; = 0, (Mx); <1 = d-dimP

x; =0 or (Mx); =1 —> Label/color i

m Vertex v € S; \ S. Then L(v) = {2, ...,d}
Unique duplicate label

Both edges are in S;



S1: Structure

Vi, x; >0, (Mx); <1 —> d-dimP

x; =0 or (Mx); =1 —> Label/colori

m Vertex v € S; \ S. Then L(v) = {2, ...,d}

Unique duplicate label

\

Cycle



S1: Set of paths and cycles

Vi, x; = 0, (Mx); <1 = d-dimP

x; =0 or (Mx); =1 —> Label/color i

m Vertex v € S(c S;). Then L(v) = {1, ...,d}
No duplicate label

Endin S



S1: Set of paths and cycles

/NN
™~

< <2

S = Solutions U {0}




S1: Set of paths and cycles

SN
NN\

Goal: Find any other end-point  Defn of PPAD!



Computation? (in CS) Not easy!

3 solution?

What 1f solution always exists, like Nash Eq.?



Computation? (1n CS)

Megiddo and Papadimitriou’91
Nash 1s NP-hard = NP=Co-NP

NP-hardness i1s ruled out!



CompleXity Classes 2-Nash 1s PPAD-complete!
[DGP’06, CDT’06]
Papadimitriou’94

PPAD  Polynomial Parity Argument for Directed graph

0 S(U) (3(0))
0 —) @ ) \,

1t

NP

30— /' \,
*_7

Find an end




Brute-force Algorithm?

Vi, (4y); < 14 Q | Vi,(x"B); < mp

P yEAn XEAm

Let (x,y) be a NE. Suppose we know supp(x) and supp(y).
Now can we find a NE?



Can we do better than “brute-force”?

Not so far. And may be never!
It 1s one of the hardest problems in PPAD.



What about special cases/approximation?

m Rank(A) or rank(B) 1s constant

m O(1)-approximate NE: quasi-polynomial time
algorithm

m Constant rank games: rank(A+B) 1s a constant
FPTAS



p| Vi, (Ay); < m, 0 (x"B); < mp
y EA, x €A,

(y, 74, x,mg) EP X Q

Theorem. If (4, B) 1s zero-sum, 1.e., A + B = 0, then

2-Nash — linear programming

max: —(1m, + mg)
s.t. (y,my,x,mg) €EP XQ

Rank of a game: rank(A+B)
Zero-sum = Rank-0 games



P VL, (Ay)l < TT 4
y €Ay

Vj, (xTB)_] = Us:
X €A,

(y, 74, x,mg) EP X Q

Theorem. If (4, B) 1s zero-sum, 1.e., A + B = 0, then

2-Nash — linear programming

Rank of a game: rank(A+B)

Poly-time approximation for constant rank games

KT’03].

Poly-time exact for rank-1 games [AGMS’11].
Exact for rank > 2 1s PPAD-hard [M’13].




Open Problems

m Status of PPAD.
Is constant factor approximation of 2-Nash PPAD-hard?

m Not risk neutral? — Prospect Theory

Expected utility = risk neutral



