
Lectures
Hash Tables with Linear Probing

We saw hashing with chaining

Using universal hashing
we get

01 expected time per operation

One disadvantage
is that chaining

requires a list data structure

at each bucket

Today we will discuss another

popular technique called

linear probing Mostly following

Kent Quarruds notes for this

He has nice figures and more



detailed explanation including
historical notes For this reason

we will be high level in our

description

Linear Perbing

Terse IU N

K size of hash table
A o m 13

Pick random hash function
as

h from a hash family H

insert x

i hx
While A i is not empty

i its mod le



A i x

find x

i h x

While A i empty do

if Ali x output Yes

Output No

delete x is more complicated

different strategies but we

want to maintain insert and

find correctness So

to delete x we fiest find x

Say is in A i

If hx i then we



Set A i empty and we are

done

Otherwise we has inserted into

a location after K x due to

collisions If we remove term AEi

we creali a hole We try to

fill it by scanning from i to the

right to see if we encounter
another

element y s t A j y but

hly j and move it to the

hole We repeat this

More finally
delete x

i find x if amine in A

A i empty



repeat

jeiti mod k

While A j empty and h ALI
AE

je je mod k

If A j empty then Break

Else
A i AC
it j

Until TRUE



Analysis

Assuming ideal hash functions

How can we upper band the

cost of the operations

Suppose we do n operations

Let S be the
elements that

were ever considered

Assume m Len Then we

will consider the state of the

hash table as if we had

inserted all the elements is



The hash table A will be

broken into runs

1111

where a run is a maximal internal

if occupied cells We observe the

following The cost of intent x

find and delete x are

proportional upperbounded by

111 1 where RIA is the

run that contains h x



Thus fixing S to be of size n

and fixing an element we

want to know the following

What is E IRINI

We will use R for R x

R is a random subset of S

depending on h

Lemma If m Zen then

ECR 011

Assuming above we see that

expected cost of the n operation



is O n if m zen

Rollema
Suppose 41 7 i

IEE.nl
lEEIRI

E l.PeERI e

What is Re IRI l

Consider an internal I that

contains i and I l

There are l such intervals Say

It In Il



l

Then Pe IR l Me R I

by symmetry

What is Pe R I

III l
exactly l items out of a hash

to Ij and there are empty

slots next to I but we will

ignore the
second part

Pe exactly l items of S hash
to I

e let
ifs



E
if m zen

E IN l e

E te 011

The above analysis assumed
ideal hashing Can we obtain

a similar result with normal

hashing It turns out that

it suffices to assume 5 universal



hash function

Lemma Suppose hult where

It is 5 strongly universal family
from U Em and m 8m

Then expected cost of
each of

the fiest n operation is 0 1

In order to analyze this we

need a concentration lemma for
4 wise independent random

variables

which generalizes Chebyshev's inequality

Lemma Suppose Xi Xn Xn C 20113

and are 4 wise independent
Let X Exi



Let µ E Then

D Xam p 4h
Lets assume lemma and prove
the bound on EARB

ELIRD E e Pe IR.tl

1 2 Re 2k c IRI

We now upper
bound

Pe 2k 1 IRI 2k

Ld text i and consider

interval In with busth 2

centered at i



Ik
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If 2K IR1 2 then

the event A happens where

A is 2k iteries from S hash

into It
So we will use Pe A as

upper board

Let X Σ Xa
ats

where Xa is indicator of ats

hashing into Ic conditioned on

41 1 i Since It was 5 strongly

universal Xa AGS are 4 wise



independent

E X Esta a

MLaffic

n 1ft
2

2

Pe A Pe x 2k

Pe EX 242

4.12
24 2

4 Eni



Now
langk p 2k c IRI

ELIRD E
glantyk.in

4E
0 1

D



Lemma Suppose Xi Xn Xn C 20113

and are 4 wise independent
Let ΣXi

Let µ E Then

D xam p 4h

Prof
Pe X 1ns B A x p B

EX 14

T
by Markov



Need to bound E X p by 14 342

X p Xi Pi let Ye Xi Pi

E Yi o

X M ELLEY

4 Em
EEemeenYYYicY.e.EE

Yil East Yi ECYYEi.EE

By 4 wise independence and

Yi O any tan with only

one occurrence of Yi goes
to 0

pill pi 1 pi pi
6 p 1 pitch Pi Pi
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