



































































































































Lecture 26 12 05 2025

ALI
Simple example

Stairs vs Elevators problem

Time to take stairs
5

Time to take elevator L

S L

How long should one wait for the

elevator If one knows the distribution

of the arrival time the elevator

then can compute various quantities

We will work with worst
case model

which has merits and cons Adversary

decides






































































































































Is there a good deterministic strategy

Let T S L

For a time t 30 let OPT t be

the optimum that
time if elevator

arrives at t and t was known in

advance

Claim OPT E 2 it t T

and OPT f S if EST

For an alg A LdA t be the total

time if elevator comes
at time t

For an algorithm A its competitive

ratio is

CIA Sep FIFTH






































































































































Any deterministic algorithm for
the problem can be characterized

by a single parameter a which is

the time it will wait before
taking

the stairs it will take elevator if

it comes before a

Let Waita be the algorithm

What is its competitive
ratio

Wait is always to take stain

If t 0 then Waito takes 5 time

and OPT O L So competitive

ratio is which can be very

large

One can see that the worst case

for Waita is it elevator comes at at






































































































































fr
in which case competitive ratio is

arts

Not hard to see that a S L T

is the minimizing value which
is

intuitive Does not make sense to wait
T

Competitive ratio is S
2

Theorem The optimum competitive

ratio for the problem is 2

What about the case we allow

randomization to the algorithm

Can we improve
the ratio






































































































































Need to be careful about the model

We will consider oblious adversary

that cannot see the randomness of

the algorithm Alternatively we

let the adversary know
the algorithm

and it picks the worst case input
o

and then we allow algorithm to

randomize and define competitive

ratio as

main Effff

r

Since Alt is a random variable

For the elevatorproblem one can

view a randomized algorithm
as

de






































































































































picking the waiting time according

to a distribution What distribution

Twers out that the optimal

distribution is to pick w c OT

according to the
density function

plh et

Note that E de 1

0

There The competitive ratio of

the randomized algorithm
that

picks waiting time
according to

PLH Ept p t in Eo T

and p t 0 for 1
T






































































































































is
1.58

Proofed Fix any
time

at o T Suppose elevator

arrives at time a Then

OPT a at L

what about the algorithm

It's total time is atl if
the waiting time it picks

is a

Otherwise it is tts where tLa

This A la Stop Hdt
T

this d at






































































































































The worst case happens when a T

as in the deterministic case

Then we have

E ACT S It pladt
S Fette de

St et tet Tet

St LT
While OPT T S

Hence competitive ratio is

St
t






































































































































E tits
7

Ratio tends to E as 0

Loveland How do we prove

that above ratio is optimal In

general how do we prove lower
bounds

on randomized algorithms

Typically we use what is called

Yao's lemma who recognized early

on that one can use Von Neumann

min max characterization of two

player games gives
a way to prove

lower bounds






































































































































Instead of explaining thegeneral
set up we illustrate it in the

context of this simple problem

To prove a lower bound on randomized

algorithms we focus on a lower

bound on deterministic algorithms

against inputs
chosen from a

distribution The game
is as

follows Come up with
a probability

distribution on inputs say D

Now given knowledge of D
what is

the best deterministic algorithm

Suppose no deterministic algorithm






































































































































even with knowledge of D can do

better than c Then c is a

lower bound on randomized alys

For our problem we design pick a

distribution on the allival time

of the elevator

Suppose we pick the
distribution ét

for the elevator
arrival time Note

that we are allowing
arbitrary laye

times but that is ok

To simplify analysis
we will

set o and S 31






































































































































Then what is expected value of OPT

Ide
OPT 59min 1 E ples It

Site at Piet at
l é

Fix any deterministic algorithm
It's a threshold algrith with a C 0,17

Its expected cert

E AlaD t état Flatnetded

1

Doesn't depend on the threshold

Then the competitive ratio






































































































































E
is

Shental
closely related problem but in some

Sense a discrete problem More well knon

Setup costs b s to buy skis

and 1 to rent day b 1

Every day many one has to decide

whether to rent or buy if not already

bought

Adversary decides
when to break

one's leg and finish the
ski teason

What is the best strategy to minize

total cost






































































































































Delensit rent for b days and

then buy

Can show 2 Competitive and

optimum for deterministic

Can obalin 1 t for randomized

which is also optimum

Somewhat more technical than

elevator stairs problem
because of

discrete days






































































































































Yao's min max principle proof if usefuldirection

Ay

ms

I

Consider a discute selling where
we enumerate all inputs of particular

size and all deterministic alp

Say in alfs and n inputs






































































































































p a distribution over inputs

q a distribution over algorithm

Let qᵗ be an opt and ale
conending to Chosin

Eii.fi f it

n

Σq AilI p
E.pt FEIN
Pj

tp
je

É to

Eat PiAffI te
n






































































































































min Σ Pi Aifffy tpAi 5 1

nax min Pj

p Ai






































































































































Problitic Tree Embeddings

Let G VIE be a graph

Want to approximate distances in a

buy a tree Thy Trees are simple

an one approximate
distances by

a single spanning
tree

Cn n cycle

mg






