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Lasz Lead Lemma

LLL is a powerful tool in the

probabilistic method and
has found

several highly non trivial applications

in algorithms

In the probabilistic
method we

prove the existence of some object

by running a probabilistic experiment

and arguing that
the object property

holds with non zero probability

Fiest moment method

w̅euseexpectation analysis As an

example we showed that in any

1



graph G V E there exists a

max cut of value E by

picking a random cut whose expectation

is IEI
Second momentmethod

FereTuse variance analysis

plus something
like the Chebysher

bound

Example Let G n p be a random

graph on n vertices where
each edge

is chosen independently
with prob p

At what value of p will alnip

have a clique of size 4
Clearly when

p o graph will be very sparse
and there

will not be a 4 clique When p



there will be a 4 clique whip since

graph becomes dense

Turns out that p 13
is the

threshold

To see one direction we use first

moment method

Let X be expected of 4 cliques

4 p
since if we fix a

set of 4
vertices it will be a clique

iff all
six edges are chosen

If p C v43 for sufficiently small

Constant C E x 20.1

Pe 1 E X for non ing integer

random variable
Pe X o 1 EX 0.9



We would like to compute the

variance of X

Note that X Σ Xs
where S

SES
ranges over all to subsets of four

vertices and Xs is indicator for

S being a clique Pe Xs p

If Si S
ES then Xs and Xs

are

independent if S and
S do not

share any edges Otherwise they are

dependent
To estimate Var X

we write

E X E Xs s

4 ph 2 Σ ECXs.IE Xs
Sits



where 5 ns S and 5 are

dependent and S S means

independent

Suppose we pretend all
S and so

are independent Then
there are roughly

nˢ such pain and in that case

Var X Σ Var Xs Y p 1 pt
SES

Then by Chebyshev

Pe X O Pe IX EEL EEX

YEN
IE

iie



One can check that if p can 43

for Sufficiently large C then

Pe 4 0 0.1

Howen Xs and Xs are not

independent for all Si and Sj E S

But if we calculate Var X more

carefully we see that

E E E Xs Σ E Xs Xs
Si SES

s E E Xs Σ E Xs EEXs

SES S t S



There are 4 1 total pain

How many are not independent

S S if they share at
least

one edge But number of pain

is O nt while number of independent

pain is 11ns which is close to all

pain So Van X still behaves as it

not all pairs are indep and

one can show that cop cents

for sufficiently large constant
ensures

a n p has a 4 clique with

prob 0.1



Concentration plus Union Bound

We saw several examples of

using
concentration bounds plus

union bound The general strategy
is

to show that for some events

Ai Ar An

Pe Ai I have A is a

bad event

Then by the union bound

Pe A MA or An n.tn 1

Pe A nA An 0

Thus we have all good
events

happening with
non zeroprobability



and if we can express the property

we want in those leim then we

are done

Ex Routing paths
We saw that we can convert

fractional solution to integral

solution by randomized rounding

we get Olliffy congestion by

using Chernoff bounds
on a to

Single edge and
then union

bound over all edges



Local Phenomene

There are many
situations where

we cannot use union bound

because the individual
bad

event probability is not that small

It Ai are independent this

does not matter because
we

have
p.LA nA

in An

IT 1 De A

and hence all we need is

for Pe AT C1

However independence
is rarely

possible in complex events

I



LLL considers a local setting

where the events A An are

not completely independent but

there is some limited dependence

How can one capture such a

Scenario For that we use a

dependency graph on the events

The vertices are the events and

we have an an edge Ai Aj

if Ai and Aj are dependent

No edge means that Ai and Aj

are conditionally independent

That is Pe Ai A Pe Ai

Note that Ai is conditionally



independent of all events that

it has no edgesto We define it

formally

Defn An event A is conditionally

independent wet
to B B2 Be it

SE 2114 113

Pe A Bi Pe A

When can we easily identify

conditional independence

Claim Suppose X X2 Xe are

independent random
variables Suppose

Tahevent Ai is completely
determined

by a subset Sie Xi Xe If sins D

for j ji ja jk then Ai is mutually

independent of Aj Aj



With this in place we state the

Symmetric version of
the LLL

There Symmetric LLL

Suppose A A An are events in

an underlying probability space

and let d be the max degree of

the dependency graph
and

Pa Ai p i Then if

i If pd then Pel i 2psso

in pldt te then

Pe A Ai
1 7 0



A more general version of the

LLL called asymmetric a

top sided LLL is the following

There LLL

Suppose A An are events in a

probability space and
let h be

the dependency graph
Suppose

there exist numbers
Xi Xu Xn E 0,1

such that
Pe A Xi IT 1 X

JEN i

Then
pe nA 1 Xi

it

Here Nli is dependent
neighbors of Ai



Prof of tymetric version

The heart of the proof
is the following

lemma

Lena For any S C
21,2 sn

and if S

De Ail A 2p

Assuming lemma
above the symmetric

LLL i follows as below

Pe Ai Pe A Re A.la P.CA AAI

Pe AnlAi An i

1 PeEAiJ 1 PeEAulai

1 De An Arian.it



1 up so

Now we prov the
lemma by

induction on 151

Suppose 151 0 Then

Pe A p 2p

Assume time for Is
K

Consider IS K 1 if S

want to prove Pe Ai A 2p

let 5ᵗʰ S N N i be the set of

events in S that Ai is dependent on

find 5 step Thus S
step sind

If find Ktt then S sind

Pe Ai Ag Pe Ai p 2p



J

Thus we now consider

sind k

We now use conditional
probability or

Bayes theorem

For events X Y
Pe X143 1 1,3

and for events X Y
Z

Pe 14,21 D

Applying with X Ai

Y depAj and Z Igind

we have
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Pe Ai Eti Pe Ai andAdepti Ignat

T.ttsiei
Consider denominator Via union bound

D

ftp.t siati
1 Σ Pe All sits
legdep

By induction hypothesis
since Sind K

Pe Ael Isna
A 2P

and I steeled
Hence



De Maj n A 1 2pd

jesdep jesind

Numerator is Pe Ai and sept5 Indi

Pe Ail Wind

Pe Ai P

Hence Pe Ai AA 2p



Application of LLL

Eat
Recall that a K SAT formula

is

a Boolean formula
in CNF from

with each clause
having exactly

k literals over distinct variables

Theorem Let Q be a K SAT formula

in which each
variable occurs in

at most 21 clauses Then d is

Satisfiable

Note that there
is no limitation on

number of
variables or clauses

Example if k 10 then
it is requiring

each variable to be in
at most 26



clauses

The theorem may not
be interesting

from a SAT perspective but is mainly

to showcase the power of LLL
and a

selling in which
it applies

We prove this by
considering a

random assignment to
the variables

Let Ai be the event
that a clause

Ci is not satisfiable
bad event

then Pa Ai

What does Ai depend
on

Ci has k Variables Each variable

that is in Ci is in at most

2ft other clauses
So C shares



K

a variable with at most K 2É k

other clauses

If Ci and Cj
do not share

variables then Ai and Aj are

mutually independent

Thus we can apply symmetric
LLL

with p and d 2k 2

Since pd
De Ai 0 where

m is of clauses

Pe Q is satisfiable 0



Routing for congestion
Minimization

Recall that we saw the congestion

minimization problem

G V E directed graph

Sist Sk Lk K pairs

that we want to connect by paths

P P Pie sit we

minimize me EIPinel

congestion on e

We wedi an LP relaxation and

found a fractional routing that

minizes max fractional congestion



A fractional routing for a pair
Sisti is a probability distribution

over paths p E Pi
where

Pi is the set of all si ti paths

We let xp PE P
be the

amount of flow routed
on along p

we have Σ xp i

PCP

Suppose E Elp
I Fe

pi Pi
i the max fractional congestion

is at most 1

Randomized rounding picks a path



for each i independently according

to the distribution xp pt Pi

Then we used Chernoft bounds to

show that Pellets chyme
to some sufficiently laye

constant c

Here Ile is the load on e the

1 paths that use e

Then via the union bound we

see that he max ele Smh

m.tt I



Now we will prove a better board

when paths are short

Suppose Xp
0 Ip h where h

is some parameter
In many

applications
h is a small constant

independent of m n This implies

locality because even if the graph

is large paths along to which

flow is routed are short

Theres an integral routing

where max congestion is O thigh

Note bound does not depend on



graph size

In order to apply LLL we do

Some preprocessing By
discretization

Tricks we will assume that

all Xp values that
are non zero

have same value I for some 1

We may duplicate paths
to achieve this

Thus each pain now has exactly L

paths

Then we do randomized rounding

as before but with the discretized

paths So we pick one of the L

paths for each pair



How can we apply LLL here

Need to set up the
events carefully

Let C be the threshold of congestion

we want to avoid

For edge let Se be the set of

all paths that
use e

Define Aes In
ECE Se Se

and 51 C to be the event

that S is the set of paths
chron

Claim It 5 contains two paths

from path collection of same pair

then Pe Ae s 0 Otherwise it is

equal to



We use notation S in j ic ic

where is in i G K and

indicates the pain
and Ji Ju nice L

to denote the index of the path
in

the L paths for pairs
we order the

paths in some fashion for each pain

We let Pi denote the jth path

for pain i



Dependencies Fix two events

Aes and Aes
where

S has paths from
distinct pain

and Similarly S

Suppose S inji ic ic

and S lii lid ji

It is is sic a ji.su rich

ie the pain don't overlap then

Ae s is independent if Ae s



We need to understand how many
other events does Ae depend on

Cuppa in in ec n Lei ic to

say i it
How many

choices of it id and

Ji is ji do
we have

L choices for j Fix one such

dria

one
e

Then we have path Pip
j

note i

and this path has h edges



So e has h choices For each such

edge at most a L paths use the

edge Since total flow on each edge 1

And we can choose any
C 1 paths

from those L

Thus for fixed choice of j
there

are h choices

Hence total is L 4

There are C Choices of pain overlap

between S and S

Hence the neighborhood size of

Aes in the dependency graph

L



is c L h

To apply LLL we have

Pe Aes p

and da.EE

To ensure Pd
we need



It

C D ffg suffices

Note that if nd no bad event

Ae s happens then congestion is C 1


