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Lemma 4.1. Let 7 € Nand let Xy = (X14,...,Xny) for t € {0,...,7} be a non-negative vector-valued
random process with initial distribution given by X; o = x; with probability 1 Vi € [n], and satisfying the
following properties:

1. E[Xy1 | X¢] =Xy fort € {0,...,7} and i € [n].
2. Xy and Xy differ in at most two components for t € {0,...,7 — 1}.

3. Fort € {0,...,7}, if two components i,j € [n] change between X; and X1, then their sum is
preserved: X; i1+ X1 = X3+ Xz,

Then for any t € {0,..., 7}, the components of X; satisfy E[[[,cq Xi ] < [l,cq®i VS C [n].

Proof. We are interested in the quantity Y; = J],. ¢ X; ;. At the beginning of the process, we have E[Yy] =
[L;cg - The main claim is that for each ¢, we have E[Y;1|X;] < V;.

Let us condition on a particular configuration of variables at time ¢, X; = (X RAREL, , Xnt). We consider
three cases:

e If no variable X;, 7 € S, is modified in step ¢, we have Y11 = [[,cg Xit41 = [[;c9 Xit = V5.
e If exactly one variable X, € S, is modified in step ¢, then by property [1] of the lemma:
E[Yi11 | Xe) =E[Xi1 | Xe) - [ Xje=]] X5 =Y
jeS\{:} JES

e If two variables X;, X;,4,j € S, are modified in step ¢, we use the property that their sum is preserved:
Xit+1 + Xj i1 = X + X ;. This also implies that

E[(Xitr1 + Xje1)® | Xe] = (Xiz + Xj0)%. (1)

On the other hand, the value of each variable is preserved in expectation. Applying this to their difference,
we get E[X 111 — X411 | X¢] = Xt — X+ Since E[Z?] > (E[Z])? holds for any random variable,
we get
E[(Xit+1 — Xj1)? | Xe] = (Xip — Xj0)%. )
Combining (I) and (2), and using the formula XY = 1((X +Y)? — (X — Y)?), we get
E[X; 11 X001 | Xe] < X0 X0

Therefore,
E[Yip1 | Xe) =E[Xi i1 X001 | Xe] - [ Xe < [ Xie =Y,
keS\{i,j} kesS

as claimed. By taking expectation over all configurations X; we obtain E[Y; 1] < E[Y;]. Consequently,
E[[[,cs Xit) = E[Y}] <E[Y;1] < ... <E[Yy] = [],c5 i, as claimed by the lemma. ]
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