LECTURE # Febyuary 1™, 2025

PART T  Fundamental Concepts & Applications in  Quantom Information

Tobay EPR ‘oqvadox s

Bel's Theovem & +he CHSH gamt

RECAP Fundamental Concepts in Quantum Information

State of multi-clubit Systems 041007 + o, 100 + o4y 1107 + oy 1D

Entang\eﬂ&n‘t Not of the form \Y>0 162
e.g. the Bell Stae /EPR pair 100? + 111>
Jz
Unibaf_y Transformartions "w—-T
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Porkial Measyuvements — T —
L ' | Mixed State

g Mixed State —

Parkial Measyrements —for Qudits

Suppose  Alice and Beb have entangled qutris
d, Y+ e, l2) +o 132 +a, (20 + . + &, (337

) . H g 1
P [ Alce’s measurement is "1 ]= [ oyl + |q|z|7-.,.loe,3|2 =

L state becornes KNI+ o N2) 4 051137
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and Se¢ on .

Fact o Remernber : Measuving qochs ohe. by one <« Can do it in any ovdey
givcs e same outcome os
measofin r both qubits

Exercise (in-ciasi) Give a civent to prepare the Bell state
stavting from the state |++7




EPR Paradoi

Aice & Bob prepare the Bell state 00D+ LID
Nz
'TBey eoch take one of the qlobllts & go ;far away

0 If Alice measures her qubrt in o), 1173 basis
Bob’'s c;ob;t changcs 1o whatever was measvred

Is this {asber--thah—h'gh{: Communication *
No' Alice & Bop learn a vandom brt

@ But Aliee leovns Bob’s ouktome instanteously

Alice & Bob have Jo\wo wpies of « Classiodl coin tossed by Charhe L;zc;leh
TF\e)l 0,.,|>, look at It when they are far aW({){ Vavigble
No violation of classical physics!

Local Hidden Vaviable —W)Emy

@ SuPPose flicc measures her qubit i a dfjfcyent basls
eg- in 1) bass

“wp

H What happens to Bob's qubft ?

10

21 Let's compote it in two different ways

first]  Simplabte 12 measurent with unitavy + std. basis measurement H = veflechion ot 22-5°
H-I
Bell A H P(' :‘ .Hk : )4,/5’23-,':7‘
State 5 i ‘ - l
B "
© ® ® H:10)= (47
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State @ : A measyves [P [ measures 0] = (i_)z_+(_‘?:) L""_;.-

— siale chonges 20 100 ® (_%_Io7+_3; 112) = joy® 1
IR

ihtef]:fe.’cs s 'meosuvl‘nf Y

State (3): Rotate back 4 ge_’r e correct stofe when we wmeasive h He \ED basi

— State becomes >89 — final state
t

Bob's state s also [+

In the other case, Wth Probab('h'by Y, . measures "1" — ?h’cevae-Ics as >

find stabe ik |->®@1-D
This is Similar 10 whal haPpencd if~ Alice measored i $107, I} bass

Here, with 5o+ chance , she erther ‘eetr a WY or a |-
& Bob's state collapser to whatever Alice measvrer

]Seco@ let's do the above Camfutatl‘on cifferently & directly try tc measire h 17 basis

EPR por * L oo + 1 1o
2 vz

Let's e;cf-ress the :FY‘S{.’ club;{- ih the 127 basis

l100) = lone lo? = _-‘\;|+7+_J_—_\—)® o
V2 Jz

111) = W)@\ = (_1-_|+) -_ﬂ-_|—>) @1
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Fnal stbate = L 1+0) +l1-0) + 1L 1) -L -1
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EPR par is an equal soperposition of two different bases



If Alkce measores in |£> basis :

z .
P [ measures "H)"] = -‘;)=§_ Gnd simlla\rly ;fcr the other Case
N2/ 2
and ctote CcllaP$e$ to I+)

This is move SPOQ\(}I than bQ\-fO‘rg because Alke can maybe Convay Some. ;Qﬁfmahbp
b Bob instanteously by deciding 1o meosure etier i {100, 1N or §1).10F basie

Bob's State Cbahges o Scme’chihg that Ahte khows which Is different de’bendl‘ngy
on the basis

Hos Alice managed to convey one bit of frgcoa'mqh‘an s Bob via the ;fcllawfn( Ffo’cucnl'-

Alce wants t6 sepnd "0 to Bob: Measore v Std. basis

So*/> chance . Bob's state becomes |0) } Mixed state PD
55 %/ ° chance * ——— (1>

Alice  wants to send "2" 40 Bab @ Measore in {H?} basis

So*/> chance . Bob's state becomes |+) } Mited state Pz
6o /¢ thance : —_

Bob does seme local GPQ"G‘HOH onh his q’ob;b o decode the essape

Resolotion : There is ne local orerahbn thot Bob can do that elis*h‘ngufshes
Yhe +wo mixed ctates 6 &e

The quection of whether quantom mechanics is a local hidden variable theory or not
went unsolved for 30 yeqrs

Bell's Theorem  No |ocal hidden variable fheory can be comPaHble with guantym mechanics

Bl in (964 descgned ah exrmmerrt called the Bcll test such that the ]Wedzc{uons of quantum
mechanics  differ from the Pvedlctnons of any of any local hidden variable H’:emy

CHSH game was a simplification of Bell's experiment devised in 19705 by Clauser, Horre,
ShimOn)l and Holt <— One of the majoY discoveries in Quantom Mechanics 1!



Aice g Bob Frefm'e_ the Pell state 00D+ LD
Nz

'TF'e_y eoch take one of the q/obl'ts & go \far away
soy  Alie poes o Mavs g Bob goes to Juprter

CHSH game

Mice o m@ Bob.
J2

'll?ey ave both issved a cha\\enge_ l:y o vefevae_ as follows :
. Chaﬂehge to Alice is x €501} and to Bob s ye 10|F where

% ond y are ihdepenc\cnt vahdom bits
+ Refetee puts the challenge in a box & Alice » Bob lsok at it

ot the same -time
. —ﬁ\f_y ave beth g\’veh 10 seconds o res?oml with o bt and Mars is at least 30

light minvtes {rom U’u]a]be_r so ho time :fov Alice o secve_tty communiCate

With Beb
- The bexes collect their responses and -fl)/ back 1o the veferee

. -IF\cy win the game if Alee’s vesponse bit & € 0,13 and Bob's fecponse
be {0)3 satisfy the following”

adb = DC/\y

Another way of visual{%ingr what thFths in the game s viq the
—fo\\ow Cng' qurh

dfferent

Same

Referee chooses a random edge and Alice U Bob's bt a u b should
be different {or the ved edge and same otherwise in order

40 win the game.

\What is the maximom winning pvobabiliy Ffor Alice & Bob ?

Deterministic Strategies SuPFose Alicc and Bob ouse deferministic stmkegl'e.s

Alice's onswer a is a fme_d fond:\'On a(x) of heyr q,uc{;fon .Similqvly,

Bob’s answer is dso a function bly)



For instane, Say Alie oncl Bob always answer O
So a()=0 ¥ x€{o)3

bep=0 ¥ yefon]

4

Then, they win if they get any of the black edges
= [P[winm'ng] = 2_

Obe con 'bry all Foss;He fonctions  a(x) and b(y) and see that

e moximum W\‘nnfng’ onbabilfi—y s 3

L,

Local Hidden Vaviable Stvatepy Suppose Alice 4 Bob are descnbed by local hidden vanables

This means that 3 an underlying vandom variable X such that

@ Bejore the game , X is sampled from some Frobt:b)lfby distnbubion Z
® Questions () sampled fhd&f&hdehﬂy of 2

@) Alice's answer is o fonction a (x,2)

@ Bob's answer is a functron b(y,h)

Note:  Ohe can thnk of A as shared ryandom coins

What is the tnaximom winning pvobabih'b/ for Alice & Bob ’

The ab]lchy to use a hidden vandom vaviable X does not he(,) Alice & Bob -
their maximum winning P‘rob ahfll"cy IS 3/4

"Pvroofs P[wih]) = ZA. PLA) - P [win| 2]

Bot f N is fixed , Ale and Bob's answers are deterministic
funchions of theiv qlotshbns on\)/ meaning P [Winl2) S_i_

Therefore, Plwin) = IP[A]2 =2
A A 4

Einstein  woold have Pvcdictﬂd that Allce & Bob cannot win with frobabih'i;/u
cectey thap 2 n 4he CHsH game !l
g 7 g



What dees Quamtum Mechamics Precln‘d.?

There exsts a c[uan'burn S{ra’ceg’y involvfngr qUantum ehtunglement wheve
Alice n Bob wih with Probab;h‘t}/ = 85/

This gi\/e's 0n ex?efimeh% Yo vule oot lecal hidden vanable theones

NEXT TIME& QuqntUm S-I:the_g'_y ;for CHSH g’arnc & more




