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HRTI Fundamental Concepts&plications in Quantum Information

TODAY EPR paradox, Bell's Theorem & the CHSH game

&ECAP Fundamental Concepts in Quantum Information

state of multi-qubit systems 9001007 + %, 101 + Gol10) + &, 111)

Entanglement Not of the form ((4>* 10

e. g. the Bell State/EPRpair

Unitary Transformations I& Quantum Circuits

Partial Measurements Mixed State

& Mixed State T

&

MartialMeasurementsfor Qudits

Suppose Alice and Bob have entangledautrits

& (11 + &
,z((2) +C, (13) + 92(21) + .... + &gz(337

# (Alice's measurement is "1"] = 11+ 19
, 212+ 191312 : = P,

&State becomesK

+12)

and so on....

#to Remember : Measuring qubits one by one - Can do it in any order
gives the same outcome as

measuring bothqubits

Exerciseiclass) Give a circuit to prepare the Bell state

starting from the state 1 + +>

①



EPR Paradox Alice & Bob prepare the BellState-

They each take one of the qubitso go far away

① I Alice measures her pubit in [1071173 basisS

Bob's qubit changes to whatever was measured

Is this faster-than-light communication ?

No ! Alice & Bob learn a random bit

② But Alice learns Bob's outcome instanteously

Local
Alice & Bob have two copies of a classicaltossed by Charlie Hidden

They only look at it when they are far away Variable
No violation of classical physics !

Local Hidden Variable Theory

③ Suppose Alice measures her qubit in a different basis

e
.g. in 11)

basis

11)

#
What happens to Bob's qubit ?

Let's compute it in two different ways

#st Simulate It) measurent with unitary + Sta .

basis measurement H = reflection at 22 . So

H
-

Bell
*F -Ts

State S i
&

i
--- I
-

L B- ! i" ② ③ H : 10)+ 1+7

11)- 1f

State O: (H10)(010)+ 1H1)( *1

Hi = H : 2+) + 10)

= 1 - > -> (1)

=(100) + 1101) + 111) - 11
2

②



State & : A measures /measures of = ()"+(1)=
-> state changes to 1070(10))) =10

↑

interprets as measuring "It"

State : Rotate back to get the correct state when we measure in the #) basis

-> state becomes 1t@1+) + final state
↑

Bob's state is also It]

In the other case
,
with probability "2 ,

measures "1" -> interprets as "l"

final state is 1-01-

This is similar to what happened if Alice measured in[107 , 1173 basis

Here
,
with 50 % chance

,
she either gets a H) or a 1-)

& Bob's state collapses to whatever Alice measures

#and Let's do the above computation differentlya directly try to measure in 17 basis

EPR pair : 100 +
Let's express the first qubit in the 117 basis

100 = 10010) = (1)+)10
(11) =11) * (2) = (E) -Et) * (2)

Final State =- + 0) +11 -0) +1
--

= (+ (((0) +((k)) + 1)(t(0) - 1(k)

=t+
--

EPR pair is an equal superposition of two different bases

⑤



If Alice measures in 11) basis :

#[measuresH)") =( and similarly for the other case

and state collapses to 1t)

This is more spooky than before because Alice can maybe convey some information
to Bob instanteously by deciding to measure either in [107, 1173 or EHX .

1-)3 basis

Bob's state changes to something that Alice knows which is different depending
on the basis

Has Alice managed to convey one bit of information to Bob via the following protocol :

#iceMaktsto sendI "0"to Bob : Measure in sta
.

basis

50 % chance : Bob's state becomes 10) Mixed state Po
50 % chance : - 11)

S

#icewasto send "FoBob : Measure in [175-basis

50 % chance : Bob's state becomes It) Mixed State P2
50 % chance : - 1->

S
Bob does some local operation on his qubit to decode the message

&

Resolution : There is no local operation that Bob can do that distinrishes
the two mixed statesPo & Pr

The question of whether quantum mechanics is a local hidden variable theory or not
went unsolved for 30 years

Well'sTheorem No local hidden variable theory can be compatible with quantum mechanics

Bell

inCesionedexperimentcalledtestsuchatthepredictions of granite
a

CHSH game was a simplification of Bell's experiment devised in 1970s by Clauser
,
Horne

,

Shimony and Holt= One of the major discoveries in Quantum Mechanics !

④



game
Alice & Bob prepare the Bell State

i

They each take one of the qubitso go far away

say Alice Goes to Mars & Bob goes to Jupiter

use#i So

They are both issued a challenge by a referee as follows :

· Challenge to Alice is X 50 , 13 and to Bob is ye 20 , 13 Where

* and y are independent random bits

· Referee puts the challenge in a box & Alice & Bob look at it

at the same time

· They are both given 10 seconds to respond with a bit and Mars is at least 30
light minutes from Jupiter so no time for Alice to secretly communicate
with Bob

· The boxes collect their responses and fly back to the referee
· They win the game if Alice's response bit a -50, 13 and Bob's response
be 50

,
13 satisfy the following

ab = xxy

Another way of visualizing what happens in the game is via the

following graph

different
X= 1-y=1

--
&X =0- y = 0

Salize

Referee chooses a random edge and Alice & Bob's bit a b should

be different for the red edoe and same otherwise in order

to win the game

What is the maximum winning probability for Alice & Bob ?

&
DeterministicStrategies Suppose Alice and Bob use deterministic strategies

Alice's answer a is a fixed function alx) of her question. Similarly ,
Bob's answer is also a function bly)

⑤



For instance , say Alice and Bob always answer o

So
,
a(x)= 0 fx40 ,

13

b(y) = 0 f y 50 , 13

Then
, they win if they get any of the black edges

=># (winning] = 2

One can try all possible functions a(x) and bly) and see that
the maximum winking probability is >

#HelenVariable Strategy Suppose Alice & Bob are described by /xalhiddenvariables

This means that I an underlying random variable X such that

① Before the game ,X is sampled from some probability distribution 2

② Questions (x , y) sampled independently of X

③ Alice's answer is a function a (x ,x)

& Bob's answer is a function b (y , A)

#ote: One can think of X as elred random coins

What is the maximum winning probability for Alice & Bob ?

The ability to use a hidden random variable X. does not help Alice & Bob :

their maximum winning probability is 3

Itof # (win) = S[x] · # (win1x]

But if X is fixed ,
Alice and Bob's answers are deterministic

functions of their questions only meaning IP (win)x] -2

Therefore, (win] = [I(X] B =
X

Einstein world have predicted that Alice & Bob cannot win with probability
greater than & in the CHSH game !!

⑳



What does Quantum Mechanics predict ?

There exists a quantum strategy involving quantum entanglement where
Alice & Bob win with probability = 85 %

This gives an experiment to rule out local hidden variable theories

#EXTTIME Quantum Strategy for CHSH game & more

⑦


