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#AY Multi-qubit Systems , Quantum. Circuits and Entanglement

#Multi-qubitsystems

Most common way of obtaining a pudit : 2 qubits
2.g . photon "O"= # or "1" = Y

State Voo(00) + Vy , 101) + V 1107+ V, 111)

Say Alice has a qubit 14) and Bob has a qubit 107E

Election1 : What is the joint H-d state ?

&estion 2 : If Bob applies a unitary UE
**

to his qubit ,
what is the new 4-d state ?

&

Question 3 : If only Alice measures her qubit , what happens ?

Lets try to answer question =

We can view two qubits as a joint 4-d system :

W 1007 + V ,
(017 + V

, /10) + 4 , 661)00

↑&
Bob's

Alice's
qubit

qubit

①



Say Alice's qubit(44) = @g107 + &_ (1)

Bob's qubit (0 = Bolo) + B1/1]

Analogous to the probability rules for flipping two coins ,

Overall amplitude of 1007 = No Bo

So
, Voo =& Bo . VoF doP , Vi = &

, Bo , vi = x , Bi

This better be a quantum state . Let's check that

Nook + 10 .1+ Nol+ 1= (191+ 19 ,1)(IBo+ /B, ) = 1 . 1 = 1

More generally ,
what is the joint state of two audits ?

#Law 4 Alice d-audit Bob e-audit

144 107=
Joint state is de-dimensional quait

1113 &,B /

112)

!
&, B2

I =mlig abe =

: " !1213 &zBi

Ide] adBe l
This operation is called a tensor product .

②



More generally ,
tensor product of two matrices A and B :

I I
B=A

Mx 1 matrix pxq matrix

At Each block is a pxq matrix

mp x nq matrix

Ex 10010 = (6) * (b) = (o)
="

100(
= (b)()=) +E

0

(2010) = (0)=
8

Demonstrates that tensor product is not a commutative operation

· 1 +01) = (E) =

I
"

I
1007

- "2 1017

"2 (10)
- "12 111]

Let's do this in the ket notation

(1+ (10) () = 11007
-Lo +10)

③



Propertiesof tensorproduct

· Acts like"commutativemultiplication
"

(A+B)xc = Ac + BC

Ag(B + c) = AB + AQC

Ao(BC) = (B)0C = AQBQC

Eg. Alice Bob Charlie Joint state is

doBoVo 10007(ii) (i) (i)
To BOV 1001

! " I
d

. B , U , 1111]

(AOB)" = A B+

(AgB) - (CD) = (Ac)0(BD)
↑

Matrix

multiplication

QuantumCircuits

Let's suppose Alice and Bob each prepared a pubit and got together

Alice These two particles have a joint state

Bob & 1007 + 20 , 1017 + 4
,0(10) + a, (11)

↑ ↑
Alice Bob

Let's imagine they go in a physical device that changes their state (jointly
2.g. the device applies a CNOT operation #

④



#inition(CNOT !

control = 4x4 unitary transformation defined as fore

"If the control qubit is o
,
do nothing

Else
, apply a NOT to the target pobit

"

Formally , 1007 +> 1007 1103 + 1117

10k + 1017 1 (1) + 110)

The matrix representation of CNOT is

100) 1017 110) (11)

IOD 0 1 8

100)

I
1 00

-110) 0 0 O

111] 00 201

This is a permutation matrix , so it is easy to see
that this is a unitary transformation

What is the joint state of Alice and Bob's qubit after CNOT ?

We draw this operation as a "quantum circuit" diagram

·
Noo100) + 2,, 101 &00100) + 20 , 101

+ G0(107 + a, 111) + C
,
(10) + 0

,0/11)

Let's draw a more interesting quantum circuit now
RECALL

Alice It H= /ii)=>Bob- 10) + Ht)I I I (1) + 1-7

② ③

What are the states at locations O ,Q and ?

S



State at location O : 100)

at location : Alice only applies a gate to her qubit HIO) = (t)

So
,
state is

|+@ (0) = 1(00) + =11052

at location : CNOT swaps the amplitude of 110) & 111)

so
,
state is

= 100) 111 -> Bell state

OR EPR pair

#toren Bell State is not of the form 147010) for any 124) , 10) EC2

This means that such states can only arise when the particles interact

Iroof Let 12x) = (20 and 10 = (3)
Then 1247010) = XoBo

do BlIB I
Observe that the product of amplitudes on 1017 & 160)

= product of amplitudes on 100) & 117

for any tensor product state

This is not true for the Bell State A

#tinition A state on multiple pubits is called entangled across a bipartition (of the qubits)
if it cannot be written as124010) for any 127010)

It is not obvious just by looking at a state if its entangled

E.g. Is 1100) + OR + 110) + 11 entanoled

=( +)01+)

⑳



Suppose Bob applies a NOT gate to her qubit -> This is 2x2 unitary
How can we make sense of this ?

TI -
③

= 100) 11

At location : F101 + E110

Suppose Alice now applies a H gate

Alice Bob

At location
:
with amplitude state is l

applying H to Alice's qubit gives (HIO)(@11)
= H(@(1)

= = 10)0(2) +j(1)* (2)
52

=10111

-itamplitude, state iso (10)
= 1 -> 107

= 100 - E 10)

Final state , E(11)+ 100 - E +0
= 100) + 101 - 1(20) +11

In general , say we have a 2-qubit state /fee
and a 2x2 unitary=

& I

#TTIME I What is the state after we apply V to 2"d arbit ?
#


