
LECTURE 2234, 2025
- -

PART I Fundamental Concepts in Quantum Information-

This Lecture Understanding and Measuring one qubit
-

· Qubits and QM Law 1 (Superposition) · Uncertainty Principle

· Measurements and QM Law 2 (Born's Rule · Global vs Relative Phase

↓ standard

↓ in a different basis

&M Law 1

#CALL Quit quantum state in superposition of two basic states" 107" and "11)"

Il Il

& amplitude on 107
, B amplitude on 117

where a
, B are complex numbers satisfying 11+ 1BF= 1

(i)

E. g. a photon may have the state "amplitude on 10) , amplitude on 11)
"

OR

Is this a quantum <" amplitude on 107 0 amplitude on 12) "
State ?

OR

"

Explitudeoamplitude on 11)
"

called "10)"

reverse "11]"

You cannot read a quantum state , i. e ., access a , B directly
Only way to extract information is via measurement

What happens if a photon in a superposition state goes into the measuring device ?

- It·
photon

a amp2 "

" 10)
"

Bamph .

" (1)
"

①



This scenario is described by the second law of quantu mechanics

↑Mav
For a particle with a amplitude on 10 amplitudeona

↓ if you measure it. then

1 2) //

w/prob 112
a
readout shows 10 AND state becomes 1 amplitude on 107

w/prob IBP readout shows" 11)
"

State becomes "I amplitude on 117
11

-

Whatever outcome

was observed

E.g. photon in state " amplitude on 107 samplitude on 11)
"

w . p . 0 .64
,
readout shows 10)

w
. p.

0 . 36
,
readout shows 117

suppose we get
Example

· I F up readout
->

I
photon (4)

samplitude on 10

Eamplitude on
11)

Example (Filter)

noTon #/ wp . + no photon
comes out

E amplitude on 10) Measure #f or 1

Let> photons pass

- amplitude on 11) Block I photons

To describe Born's rule more generally , we first take a detour and introduce

quantum notation

#call a qubit in state
"

& ampl . on "I0)"
, Bamp) . On "11)"

"

can be described as a column vector

(5)- s .t . kP+ IBE= =

It is alsoait vector
②



If we only use real amplitudes d
.B

11)
N

"10" = = ampl . onio)" = ( % )
lengthof
( ,B)

O ampl . on "127"

=NBC = 1 B "11)" = reverse = (i)

& 10) , 11) 3 forms an orthonormal basis for R2

Any qubit can be written asa 10) + B11) where Ix1 + IBR= 1

Let · (5) + B(%) = (5) = "(" = unit rector

How can we describe a
, B in terms of 43 ?

d = "Projection of "4" on 10)" = >"I" "107"] sindo
B
= "Projection of "s" on 117" = < "4S"o"17"

If 4,0 E IRY then

(v) = Inner product ofuandr livi = (4.../=

Pull-length of u = Xt) =J if "Y" = (i)
11 411 =J+B2

What happens with complex vectors u
,
&" ?

(4
,
2) = Stivi = ( - -

-

Th)()
=
utdager or conjugatetranspose of 1

i=1

1) 4ll = length = J4)==

So
,
if "4" = (5) d- then 11411 = It

Also
,
E 10)

,
1173 is an orthonormal basis for $2

so
,
a = <" : "Io"7 and B =< "I" "()"7

③



Mirac'sBracketlotationa n
rector e .g.

10) = (7) and (1) = (01)&

1) is called a ket

· (1 = ilgatetranspose of 4 = 14 --- [r)

#
*
row rector

↳ I is called a bra

· Inner Product of 1(4) , 167

= ( ... )(5)
= x = (10)

Given a qubit 124) and outhonormal basis [10) , 11

1247= 10+
scalar

Can do the same for any basis [lbo)
,
16

,
33

1(4) = <bol4) 1603 + < b , 145) (b ,)

Example[ = 10)+ ↓-
1+>

↑
= "(t)

( S 10)
&
3)->

= -E)
= "I

"

10) = E | ) + =1 - )52
- -

(1) = = 1 + ) - 1 ->
J2 52
2 L

Exercise (1) How do you express<141 in terms of ket notation ?
-

(in-class)
(2) What is 144X41 ?

NEXT LECTURE : Born's rule for measurement in a different basis & more
.... G

-


