MCS Algorithms < Fall 2026 | Name:
Midterm 1 Problem 1

(a) Write the solution to each of the following recurrences in the box to the right. (Use the space below
for scratch work.)

A(n) = A(n/3) + 2A(n/4) + A(n/6) + O(n) = A(n)=| O(nlogn)
B(n) = 8B(n/2) + 0(n?) — B(n)= 0(n®)

_ o) ifm<2orn<2 _
Clm,n) = {C(m/2, n)+0(m+n) otherwise = clmn)= O(m tn IOg m)

Solution:

* In the recursion tree for A(n), every level sums to n, and the recursion tree has depth
O(logn).

* In the recursion tree for B(n), the level sums n?, 2n2, 4n?, ... form an increasing geometric
series, which is dominated by the deepest level. The recursion tree has depth log, n and

every non-leaf has degree 8, so the number of leaves is 8!°82" = n!°828 = p3,

* In the recursion tree for C(m, n), the values at any level ¢ sum to m/2¢ + n. The m/2°
terms form a decreasing geometric series, which is dominated by the root term m. The
recursion tree has depth log, m, so the n terms sum to O(nlogm). |

Rubric: 2 points each. No justification is required for full credit. 1 point for correctly setting up a recursion
tree but calculating the final result incorrectly.




(b) For each of the following recursive functions, describe an appropriate memoization structure and
evaluation order, and state the running time of the resulting iterative algorithm.

* Compute Chex(m,n) where

0 ifi<lorj<lori>2morj>2n
Chex(i—2,j+1)
Chex(i—1,j—1)

Chex(i, j) =

i-j+ max{ } otherwise

Solution: Two-dimensional array, indexed by i and j. Increase i in the outer loop;
consider j in any order in the inner loop. O(mn) time. [ ]

* Compute Irks(1) where

i ifi>n

Irks(i) =
@) {max{[rks(i +j) +Irks(i + 2j) | 0<j< n} otherwise

Solution: One-dimensional array, indexed by i. Decrease i in the main loop (and
consider j in any order in the inner loop). O(n?) time. |

Rubric: 2 points each = %2 for array + 1 for evaluation order + V2 for time bound. No further
justification is required for full credit. This is not the only correct evaluation order for Chex.
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Describe pancake-sorting algorithms that maintain the following loop invariants for all k. For each
algorithm, state the exact number of flips that algorithm performs in the worst case.

(@) At the end of the kth iteration, the top k pancakes are the largest k pancakes, in their final sorted
order.

Solution: The following algorithm uses at most 2n flips:

TopPLARGE(P[1..n]):
fork<«1ton
p « position of the kth largest pancake
flip the top p — 1 pancakes
flip the top p pancakes

Ignoring the first flip operation when k = 1 reduces the worst-case number of flips to 2n — 1.

TorPLARGEMINUSONE(P[1..n]):
p < position of the largest pancake
flip the top p pancakes
fork < 2ton
p < position of the kth largest pancake
flip the top p — 1 pancakes
flip the top p pancakes

(We can also ignore every instruction to flip 0 pancakes or 1 pancake, but those instructions
might never happen.) ]

Rubric: 5 points = 3 for algorithm + 2 for exact flip bound 2n.
* +% forsaving one flip
e —1 fora correct algorithm that uses about cn flips for some ¢ > 2.

* Max 2 points for an algorithm that correctly sorts using O(n) flips but does not maintain the stated
invariant.

* No credit for an algorithm that doesn’t sort using only flips.
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(b) At the end of the kth iteration, the bottom k pancakes are the smallest k pancakes, in their final

sorted order.

Solution: The following algorithm uses at most 3n flips:

BortoMSMALL(P[1..n]):
fork<1ton
p « position of the kth smallest pancake
flip the top p pancakes
flip all n pancakes
flip the top n — 1 pancakes

T

)
y flipp i —
ic )

Co—

Ignoring the third flip operation when k = 1 reduces the worst-case number of flips to 3n — 1.

BoTTOMSMALLMINUSONE(P[1..n]):
p < position of the smallest pancake
flip the top p pancakes
flip all n pancakes

fork«<—2ton
p < position of the kth smallest pancake
flip the top p pancakes
flip all n pancakes
flip the top n — 1 pancakes

(We can also ignore any instruction to flip O pancakes or 1 pancake, but those instructions
might never happen.)

Solution (partial credit): The following algorithm uses at most 4n flips. It basically runs
the algorithm from part (a), but it flips the entire stack at the start and end of each iteration.

JOBT'VBCE(P[1..n]):

fork—1ton
flip all n pancakes
p < position of the kth smallest pancake
flip the top p — 1 pancakes
flip the top p pancakes
flip all n pancakes

(Removing every consecutive pair of full-stack flips would reduce the number of flips to 2n + 2,
but the resulting algorithm would no longer maintain the stated invariant!)
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Rubric: 5 points =3 for algorithm + 2 for exact flip bound 3n.
* 4% forsaving one flip
* —1 fora correct algorithm that uses about cn flips for some ¢ > 3.

Max 2 points for an algorithm that correctly sorts using O(n) flips but does not maintain the stated
invariant.

* No credit for an algorithm that doesn’t sort using only flips.
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Suppose you are given two sorted arrays A[1..n] and B[1..m] of distinct numbers.

(@) Describe and analyze an algorithm that computes, given a single index i, the number of elements

in B that are strictly greater than A[i].

Solution: This is a standard application of binary search in B, which runs in O(logm) time.

Here is the algorithm in more detail. The ((invariant comments)) implicitly assume sentinel
values B[0] = —oo and B[n + 1] = oo (but the code doesn’t actually need them).

NUMGREATER(x,B[1..m]):
lo—1
hi«<n
while hi > lo
{(Invariant: B[lo—1] < x < B[hi+ 1]))
mid « | (hi+10)/2]
if x < B[mid]
hi «mid—1
else ((x > B[mid]))
lo —mid+1
{(hi=1lo—1 = B[lo—1] < x < B[lo]))
returnn—Ilo+1

Rubric: 2 points = 1 for “binary search” + 1 for “O(log m) time”. This is a standard textbook algorithm, so
pseudocode is not required for full credit.

(b) Describe and analyze an algorithm that computes, for every index i, the number of elements in B
that are strictly greater than A[i]. The output of your algorithm is an n-element array.

Solution: As in part (a), the ((invariant comment)) in the following algorithm implicitly
assumes sentinel values B[0] = —oo and B[n + 1] = oo (but the code doesn’t actually need

them).

ALLGREATER(A[1..n],B[1..m]):

je1

fori—1ton
while j < m and B[j] < A[i]

je—j+1

{{Invariant: B[j —1] <A[i] < B[j])
NumGtr[i]«—n—j+1

return NumGtr[1..n]

The variable i is incremented n times (by the for loop), and the variable j is incremented at
most m times (inside the while loop), so the algorithm runs in O(m + n) time. [ |
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Rubric: 4 points =3 foralgorithm + 1 for time analysis. This is not the only correct O(m +n)-time solution.
Max 3 points for O(nlog m) or O(mlogn) time (for example, calling part (a) for each index i).

(c) Now suppose you are given only a single unsorted array C[1..n]. An inversion is a pair of indices
(i,j) such that i < j and C[i] > C[j]. Describe an efficient divide-and-conquer algorithm to

compute the number of inversions in C.

Solution: We use a variant of mergesort.

CounTINVERSIONS(C[1..n]):
ifn=1
return O
r—|n/2]
left «— CounTINVERSIONS(C[1..71])
right < CouNTINVERSIONS(C[r + 1..1])
mixed[1..r] « ALLGREATER(C[1..r],C[r+1..n])

count « left + right

forie—1tor
count « count + mixed[i]

return count

For every inversion (i, j), either i and j are both in the left half of the array, i and j are both
in the right half of the array, or i is on the left and j is on the right. We can count the first two
types recursively, and we can count the third type in O(n) time using our solution to part (b).

The running time of this algorithm obeys the mergesort recurrence T(n) = 2T (n/2)+0(n),
so the algorithm runs in O(n logn) time. [ |

Rubric: 4 points = 3 for algorithm + 1 for time analysis. This is more detail than necessary for full credit.
This is not the only correct O(nlogn)-time solution. Full credit for part (c) does not require a correct

solution to part (b).
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You are planning a road trip. You are given a sorted array Dist[1..n] storing the distance in miles from
your starting point to each of n hotels where you are allowed to stay. You must stop at a hotel each night,
and you must stop at the nth hotel (your final destination), but you can skip other hotels. The penalty for
each day is (350 — x)*, where x is the distance you drive that day. You are only allowed to drive forward.
Describe and analyze an algorithm that computes the smallest possible total penalty for your trip.

Solution (plan forward, find next hotel): Add a sentinel value Dist[0] = O to the input array,
representing the “zeroth hotel” at the start of the trip. For any index i, let MinPenalty(i) denote the
minimum total penalty we can earn from a trip that starts at hotel i and ends at hotel n. We need
to compute MinPenalty(0).

This function satisfies the following recurrence (based on the question “Where is our next stop
after hotel i?”):

0 ifi=n
MinPenalty(i) = { {(350 — Dist[j] + Dist[i])*

min ] ] i<j<n{ otherwise
+ MinPenalty(j)

We can memoize this function into an array MinPenalty[0..n], in decreasing index order, in O(n?)
time. |

Solution (plan forward, consider every hotel): Add a sentinel value Dist[0] = 0 to the input
array, representing the “zeroth hotel” at the start of the trip. For any indices i < j, let MinPenalty(i, j)
denote the minimum total penalty we can earn from a trip that starts at hotel i and ends at hotel n,
where the stop after hotel i has index at least j. We need to compute max{MinPenalty(0, j) |
1<j<n}.

This function satisfies the following recurrence (based on the question “Do we stay at hotel j or
not?”):

oo ifj>n
MinPenalty(i,j) = ) {(350 — Dist[ j]+ Dist[i])* + MinPenalty(j, j + 1)

min . o otherwise
MinPenalty(i,j+ 1)

We can memoize this function into an array MinPenalty[0..n,0..n], indexed by i and j. We can fill
this array with two nested loops, decreasing j in the outer loop and considering i in any order in
the inner loop, in O(n?) time. [

Solution (plan backward, find previous hotel): Add a sentinel value Dist[0] = O to the input
array, representing the “zeroth hotel” at the start of the trip. For any index j, let MinPenalty(j)
denote the minimum total penalty we can earn from a trip that starts at mile marker O and ends at
hotel j. We need to compute MinPenalty(n).

This function satisfies the following recurrence (based on the question “Where is our previous
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stop before hotel j?”):
0 ifj=0

MinPenalty(j) = 350 — Dist[j] + Dist[i])*
YU min ( ) L] . L] 0<i<jt otherwise
+ MinPenalty(i)

We can memoize this function into an array MinPenalty[0..n], in increasing index order, in O(n?2)

time. [ |

Rubric: 10 points: standard dynamic programming rubric. These are not the only correct O(n?)-time solutions.
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