
CS 498 MCS Algorithms Homework 4 Solutions Fall 2026

1. (a) Design a recursive algorithm that computes the length of a longest palindrome
subsequence of a given array A[1 .. n]. Don’t worry about the running time of your
algorithm.

Solution: Let LPS(i, j) denote the length of the longest palindrome subsequence
of the subarray A[i .. j]. This function obeys the following recurrence:
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if i < j and A[i] ̸= A[ j]
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2 + LPS(i + 1, j − 1)
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⎪

⎭

otherwise

Alternatively, we can express this recurrence in pseudocode as follows:

LPS(i, j):
if i > j

return 0
else if i = j

return 1
else if A[i] ̸= A[ j]

return max
�

LPS(i + 1, j), LPS(i, j − 1)
	

else
return max
�

2 + LPS(i + 1, j − 1), LPS(i + 1, j), LPS(i, j − 1)
	

We need to compute LPS(1, n). ■

Solution (with greedy optimization): The following observation implies that
we can slightly simplify the previous recurrence. (And yes, optimizations like
this require a proof of correctness, both in homework and on exams. Premature
optimization is the root of all evil!)

Claim 1. If i < j and A[i] = A[ j], then LPS(i, j) = 2 + LPS(i + 1, j − 1).

Proof: Suppose i < j and A[i] = A[ j]. Fix an arbitrary longest palindrome
subsequence S of A[i .. j]. There are four cases to consider.

• If S uses neither A[i] nor A[ j], then A[i]•S•A[ j] is a palindrome subsequence
of A[i .. j] that is longer than S, which is impossible.

• Suppose S uses A[i] but not A[ j]. Let A[k] be the last element of S. If
k = i, then A[i] • A[ j] is a palindrome subsequence of A[i .. j] that is longer
than S, which is impossible. Otherwise, replacing A[k] with A[ j] gives us a
palindrome subsequence of A[i .. j] with the same length as S that uses both
A[i] and A[ j].
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• Suppose S uses A[ j] but not A[i]. Let A[h] be the first element of S. If
h = j, then A[i] • A[ j] is a palindrome subsequence of A[i .. j] that is longer
than S, which is impossible. Otherwise, replacing A[h] with A[i] gives us a
palindrome subsequence of A[i .. j] with the same length as S that uses both
A[i] and A[ j].

• Finally, S might include both A[i] and A[ j].

In all cases, we find either a contradiction or a longest palindrome subsequence
of A[i .. j] that includes both A[i] and A[ j]. □

Claim 1 implies the following simpler recurrence for LPS:

LPS(i, j) =
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0 if i > j

1 if i = j

max
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LPS(i + 1, j), LPS(i, j − 1)
	

if i < j and A[i] ̸= A[ j]

2 + LPS(i + 1, j − 1) otherwise

We still need to compute LPS(1, n). ■

Rubric: 4 points = 1 for English description + ½ for each base case + 1 for each recursive
case. −½ for giving the function a non-mnemonic name like “OPT” or “DP” or any single
letter. −½ for proposing the greedy optimization without proof.

These are not the only correct solutions. In particular, the length of a longest palindrom
subsequence of A is equal to the length of a longest common subsequence of A and its
reversal. (But this claim requires a proof, we still need a recursive algorithm for longest
common subsequence, and the “obvious” greedy optimization for that recursive algorithm
still requires a proof.)

(b) Identify the subproblem structure in your recursive algorithm for part (a). How many
subproblems are there for an input array of size n?

Solution: For both solutions to part (a), the input to each recursive subproblem
is a contiguous subarray or interval A[i .. j] of the original input array, and
there are O(n2) such subproblems.

In particular, the greedy optimization does not decrease the number of
subproblems or speed up the resulting iterative dynamic programming algorithm,
so that was a whole lot of work for nothing. ■

Rubric: 1 point.
The resulting O(n2)-time dynamic programming algorithm is conjectured to be the

fastest possible, at least up toO(log n) factors. An algorithm that runs inO(n1.9999999) time,
for any finite number of 9s, would be a significant breakthrough.
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(c) Design a recursive algorithm that computes the length of a longest palindromic
subsequence whose elements sum to a multiple of 3. Again, don’t worry about the
running time of your algorithm.

Solution: Let LPS3(i, j, r) denote the length of the longest palindrome sub-
sequence of the subarray A[i .. j] such that the total sum of the numbers in the
sequence modulo 3 is equal to r, or −∞ if there is no such subsequence. This
function obeys the following recurrence:

LPS3(i, j, r) =
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0 if i > j and r = 0

−∞ if i > j and r ̸= 0

1 if i = j and A[i]mod 3 = r

−∞ if i = j and A[i]mod 3 ̸= r
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LPS(i + 1, j, r)
LPS(i, j − 1, r)
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if i < j and A[i] ̸= A[ j]

max
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2 + LPS(i + 1, j − 1, (r − A[i]− A[ j])mod 3)
LPS(i + 1, j, r)
LPS(i, j − 1, r)
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otherwise

We need to compute LPS(1, n, 0). ■

The solution below that was initially given is incorrect; that solves a different problem
where we want to compute the length of the longest palindrome subsequence whose
length is divisible by 3.

Solution: Let LPS3(i, j, r) denote the length of the longest palindrome sub-
sequence of the subarray A[i .. j] whose length modulo 3 is equal to r, or −∞ if
there is no such subsequence. This function obeys the following recurrence:

LPS3(i, j, r) =
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0 if i > j and r = 0

−∞ if i > j and r ̸= 0

1 if i = j and r = 1

−∞ if i = j and r ̸= 1

max
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LPS(i + 1, j, r)
LPS(i, j − 1, r)

�

if i < j and A[i] ̸= A[ j]

max
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⎨

⎩

2 + LPS(i + 1, j − 1, (r + 1)mod 3)
LPS(i + 1, j, r)
LPS(i, j − 1, r)
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otherwise

(Note that (r +1)mod 3 = (r−2)mod 3.) We need to compute LPS(1, n, 0). ■
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Rubric: 4 points = 1 for English description + ½ for each base case + 1 for each recursive
case. −½ for giving the function a non-mnemonic name like “OPT” or “DP” or any single
letter. −½ for proposing a greedy optimization without proof. −1 for proposing a greedy
optimization that doesn’t actually work.

(d) Identify the subproblem structure in your recursive algorithm from part (c). How
many subproblems are there for an input array of size n?

Solution: The input to each recursive subproblem consists of a contiguous
subarray A[i .. j] of the original input array and an integer mod 3 (or equivalently,
an element of the set {0, 1,2}). There are O(n2) such subproblems. ■

Rubric: 1 point.
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2. Describe and analyze an algorithm to find the smallest number of palindromes that make
up a given input string.

Solution: Fix the input string A[1 .. n]. We define two functions:

• IsPal?(i, j) is True if the substring A[i .. j] is a palindrome, and False otherwise.

• MinPals(k) is the minimum number of palindromes that make up the suffix
A[k .. n].

The problem asks for an algorithm to compute MinPals(1).

Every string with length at most 1 is a palindrome. A string of length 2 or more is
a palindrome if and only if its first and last characters are equal and the rest of the
string is a palindrome. Thus:

IsPal?(i, j) =

¨

True if i ≥ j

(A[i] = A[ j]) ∧ IsPal?(i + 1, j − 1) otherwise

We can memoize this function into a two-dimensional array IsPal?[1 .. n, 0 .. n]. Each
entry IsPal[i, j] depends only on IsPal[i + 1, j − 1]. Thus, we can fill this array
row-by-row, from the bottom row upward.

ComputeIsPal?(A[1 .. n]):
for i← n down to 1

IsPal?[i, i − 1]← True
IsPal?[i, i]← True
for j← i + 1 to n

if A[i] = A[ j]
IsPal?[i, j]← IsPal?[i + 1, j − 1]

else
IsPal?[i, j]← False

This algorithm clearly runs in O(n2) time. Notice that this algorithm doesn’t return
anything; it’s only memoizing the function for use by the main algorithm.

The empty string can be partitioned into zero palindromes. Otherwise, the best
palindrome decomposition has at least one palindrome. If the first palindrome in the
optimal decomposition of A[1 .. n] ends at index ℓ, the remainder must be the optimal
decomposition for the remaining characters A[ℓ + 1 .. n]. The following recurrence
considers all possible values of ℓ.

MinPals(k) =

¨

0 if k > n

1 +min
�

MinPals(ℓ + 1)
�

� k ≤ ℓ≤ n and IsPal?(k,ℓ)
	

otherwise

We can memoize this function into a one-dimensional arrayMinPals[1 .. n]. Each entry
MinPals[k] depends only on entries MinPals[ℓ + 1] with ℓ≥ k. Thus, we can fill this
array from right to left.
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MinPals(A[1 .. n]):
ComputeIsPal?(A[1 .. n])
MinPals[n + 1]← 0
for k← n down to 1

MinPals[k]←∞
for ℓ← k to n

if IsPal?[k,ℓ]
MinPals[k]←min{MinPals[k], 1 +MinPals[ℓ + 1]}

return MinPals[1]

The subroutine ComputeIsPal? runs in O(n2) time, and the rest of the algorithm also
clearly runs in O(n2) time. So the total running time is O(n2).

If we had used the obvious iterative algorithm to test whether each substring is a
palindrome, instead of precomputing the array IsPal?, our algorithm would have run
in O(n3) time. ■

Rubric: 10 points, standard dynamic programming rubric. This is not the only correct solution.
A correct algorithm that runs in O(n3) time (the same MinPals recurrence, but checking for
palindromes by brute force) is worth at most 8 points; scale partial credit.

This was the fastest algorithm known for minimum palindrome decomposition until 2014,
when three independent groupsof researchers announced algorithms that run inO(n log n) time;
all three algorithms rely on similar structural properties of overlapping palindromes. Finally, in
2017, Kirill Borozdin, Dmitry Kosolobov, Mikhail Rubinchik, and Arseny M. Shur announced the
firstO(n)-time algorithm.

Not surprisingly, the greedy algorithm “Remove the longest palindrome substring and recurse”
does not yield an optimal decomposition. The string AABAAAABBA can be decomposed into three
palindromes AABAA•A•ABBA, but the best decomposition that includes the longest palindrome
substring is AA • BAAAAB • B • A. Similar examples show that repeatedly removing the longest
palindrome prefix or suffix is also incorrect.
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3. (a) Describe and analyze an efficient algorithm to compute the maximum possible score
for a game of Vankin’s Mile, given the n× n array of values as input.

Solution: Fix the input array A[1 .. n, 1 .. n]. Let VMile(i, j) denote the maximum
possible score starting at square (i, j). The function VMile satisfies the following
recurrence:

VMile(i, j) =

¨

0 if i > n or j > n

A[i, j] +max
�

VMile(i + 1, j), VMile(i, j + 1)
	

otherwise

We need to compute max
�

VMile(i, j)
�

� 1≤ i ≤ n and 1≤ j ≤ n
	

.

We can memoize this function into a two-dimensional array VMile[1 .. n + 1,
1 .. n + 1], which we can fill with two nested loops considering both i and j in
decreasing order. (It doesn’t matter which index we use in which loop.)

Vankin’sMile(A[1 .. n, 1 .. n]:
maxScore← 0
for i← n + 1 down to 1

VMile[i, n + 1]← 0

for j← n down to 1
VMile[n + 1, j]← 0
for i← n down to 1

VMile[i, j]← A[i, j] +max{VMile[i + 1, j], VMile[i, j + 1]}
maxScore←max{maxScore,VMile[i, j]}

return maxScore

The resulting algorithm runs in O(n2) time. ■

Rubric: 5 points: standard dynamic programming rubric. This is not the only correct
solution.

(b) In the Canadian version of this game, appropriately called Vankin’s Kilometer, the
player can move the token either one square down, one square right, or one square
left in each turn. However, to prevent infinite scores, the token cannot land on the
same square more than once. Describe and analyze an efficient algorithm to compute
the maximum possible score for a game of Vankin’s Kilometer, given the n× n array of
values as input.

Solution: Fix the input array A[1 .. n, 1 .. n]. We define two recursive functions:

• VKiloL(i, j) is the maximum possible score starting at (i, j) if we only move
to the left in row i.

• VKiloR(i, j) is the maximum possible score starting at (i, j) if we only move
to the right in row i.
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We need to compute

max
�

max
�

VKiloL(i, j), VKiloR(i, j)
	 �

� 1≤ i ≤ n and 1≤ j ≤ n
	

.

Our functions satisfy the following mutual recurrences:

VKiloL(i, j) =

⎧
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0 if i > n or j < 1

A[i, j] +max

⎧

⎨

⎩

VKiloL(i, j − 1)
VKiloL(i + 1, j)
VKiloR(i + 1, j)

⎫

⎬

⎭

otherwise

VKiloR(i, j) =

⎧

⎪

⎪

⎨
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0 if i > n or j > n

A[i, j] +max

⎧

⎨
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VKiloR(i, j + 1)
VKiloL(i + 1, j)
VKiloR(i + 1, j)

⎫

⎬

⎭

otherwise

We can memoize these functions into two two-dimensional arrays. We fill both
arrays simultaneously with two nested loops, decreasing i in the outer loop,
increasing j in the inner loop for VKiloL, and decreasing j in the inner loop for
VKiloR.

Vankin’sKilo(A[1 .. n, 1 .. n]):
maxScore← 0
for j← n down to 0

VKiloL[0, j]← 0
VKiloR[n + 1, j]← 0

for i← n down to 1
VKiloL[0, j]← 0
for j← 1 to n

VKiloL[i, j]← A[i, j] +max
�

VKiloL(i, j − 1), VKiloL(i + 1, j), VKiloR(i + 1, j)
	

maxScore←max{maxScore,VKiloL[i, j]}
VKiloR[n + 1, j]← 0
for j← n down to 1

VKiloR[i, j]← A[i, j] +max
�

VKiloR(i, j + 1), VKiloL(i + 1, j), VKiloR(i + 1, j)
	

maxScore←max{maxScore,VKiloR[i, j]}
return maxScore

The resulting algorithm runs in O(n2) time. ■

Rubric: 5 points: standard dynamic programming rubric. This is one of the few cases
where a boxes-and-arrows cartoon is more confusing than actual pseudocode.
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