CS 498 MCS Algorithms Homework 1 Solutions Fall 2026

1. Suppose you have a stack S on which you perform some push and pop operations
interspersed with each other. We are given the following information. The pushes are
1,2,3,4,5,6,7 in order but there can be pops in between. Each time you pop a number
off the stack, you print that number.

For example, the sequence of operations PusH(1), PusH(2), PusH(3), Pop( ), PusH(4),
Pop( ), Por(), PusH(5), PusH(6), Pop(), Por(), Por(), PusH(7), Por() produces the
output 3,4,2,6,5,1,7.

Which of the following sequences could be the output of this algorithm?

* 7,6,5,4,3,2,1
* 2,4,6,7,5,3,1
* 1,2,4,5,7,3,6
* 3,2,1,7,5,4,6

Justify your answers. If a sequence is a valid output, list the operations that produce it. If
a sequence is not a valid output, explain why not.

Solution: Call a sequence stackable if it could be produced by mixing PusHes and
Pops, where the PusHed values are in increasing order.

The first two sequences are stackable; the last two are not. To demonstrate that
the first two sequences are stackable, I will write “[x” to denote PusH(x) and “x]”
to denote Pop( ) returning x. (Removing the numbers leaves a balanced string of
brackets.)

@ [1[2[3[4[5[6[77]6]5]4]3]2]1]

(b) [1[22][3[44][5[66][77]5]3]1]

(c) Recall that the numbers 1 through 7 must be pushed in order; in particular, 7 is
the last number pushed. When 7 is popped, 3 and 6 are on the stack; they were
pushed before 7 was pushed, and they have not yet been popped. 3 was pushed

onto the stack before 6, so 3 must be popped off the stack after 6. But 3 appears
before 6 in the sequence. So the sequence is not stackable.

(d) When 7 is popped, 5 and 6 must still be on the stack. 5 was pushed before 6,
so 5 must be popped after 6. But 5 appears before 6 in the sequence. So the
sequence is not stackable.

Rubric: 2% points each: 1 for correct yes/no answer + 1% for proof
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Extra credit: Now consider the following algorithmic problem where the numbers 1,2,...,n
are pushed in order. You are given a sequence of m numbers ay,a,,...,a,, where each
number q; is an integer between 1 and n. Design an algorithm that checks whether the
sequence d, d,,...,d, could have been printed.

Solution: Consider any stackable sequence a,a,,...,a,, and suppose p is the
index of the smallest value in that sequence. When a, is popped off the stack,
the stack must be completely empty. Thus, every element of the suffix a,4,...,a,
is pushed after a, is popped, and therefore after the entire prefix a;,...,a,; is
popped, and therefore after entire prefix a;,...,a,_; is pushed. It follows that
max{a,...,a,_1} <min{a,,,...,a,}. Finally, the prefix a;,...,a,_; and the suffix
dp41,- - -»a, must both be sortable.

Fix the input array A[1..n]. The following recursive algorithm STACKABLE({, 1)

returns TRUE if the subarray A[{ .. r] is a stackable sequence. The initial top-level call
is STACKABLE(1, n).

STACKABLE({, 1) :
((Base case: empty or only one number))
ife>r
return TRUE
((Find position of minA[£ ..]))
pt
fori—{+1tor
ifA[i] <A[p]
pei
{(Verify thati < p < jimplies A[i] < A[j]))
premax < —oQ; sufmin < 00
fori —{ftop—1
premax < max{premax,A[i]}
forie~p+1tor
sufmin « min{sufmin, A[i]}
if premin > sufmax
return FALSE
((Recurse!))
return STACKABLE({, p — 1) A STACKABLE(p + 1,71)

Except for the recursive calls, everything in this algorithm runs in O(n) time. Thus,
the worst-case running time of this algorithm satisfies the quicksort recurrence

T(n)=0(n)+ ml?x(T(p —1)+T(n—p)).

It follows that STACKABLE runs in O(n?2) time; in the worst case, we have p = { or
p =r in every recursive call. [ |
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Solution: We can actually solve this problem in O(n) time using the following
algorithm, which tries to simulate the stack operations that produce the input
sequence.

STacKABLE(A[1..n]):
S < new empty stack
S.PusH(0) {{(sentinel value, never popped))
nextpush « 1

fori«—1ton
while S.Tor() # A[i]
{(We can’t pop A[i] but we’re not done.))
{(So we must push something.))
if nextpush > n
return FALSE ((Nothing left to push))
S.PusH(nextpush)
nextpush <« nextpush + 1
{{(nextpop is at the top of S, so we must pop it now))
((Otherwise, the next push would bury it.))

S.Pop()
return TRUE

The running time of the algorithm is dominated by the stack operations. Each integer
from 1 to n is PusHed at most once, and each array element A[i] is Popped at most
once. So the algorithm runs in O(n) time.

It remains to prove that the algorithm is correct. The algorithm Pushes the
integers from 1 to n in order, and Pops the array elements A[i] in increasing index
order. Thus, if the algorithm returns TRUE, the sequence of PusHes and Pops proves
that A is stackable.

On the other hand, suppose A is stackable. Consider any sequence of stack
operations P[1..2n] that produces A, where each operation P[j] is either PusH or
Pop. Consider the state of the stack after the first k operations P[1..k] for some
0 < k < 2n, and suppose those k operations include exactly i —1 Pops. The next
value Popped from the stack must be A[i]. There are two cases to consider.

e Suppose A[i] is not at the top of the stack. The next Pop must return A[i], so
the next stack operation cannot be Pop; it must be PusH.

e Suppose A[i] is at the top of the stack. Any value PusHed onto the stack now
must be Popped before A[i], but the next Pop must return A[i]. So the next stack
operation cannot be Push; it must be Pop.

It follows that the sequence P of stack operations that produces A is unique; moreover,
this is precisely the sequence of operations produced by the algorithm above. Thus,
the algorithm correctly return TRUE. [ |
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2. You learned Binary Search as a way to search in a sorted array. The goal of this problem
is to expose you to the use of the same strategy to reduce an optimization problem to a
decision problem.

Suppose you have an algorithm A that given as input a directed graph G = (V, E), nodes
s,t €V, and an integer k, outputs whether there is a path from s to ¢t with at most k edges.
Note that A is a decision algorithm that only tells you YES or NO. Your goal is to find the
length of a shortest s-t path in G.

(@) Describe an algorithm B that given G = (V, E), and nodes s and t, uses A as a black
box O(logn) times and outputs the length of the shortest path from s to t. Here
n = |V| is the number of nodes in the graph. Your algorithm should report oo if there
is no s-t path.

Solution: A shortest path from s to t visits each vertex of G at most once;
otherwise, we could remove a loop to make the path shorter. Thus, the shortest
path from s to t, if any such path exists, has length at most n— 1.

SHORTESTPATH(V, E, s, t):
ne<|V|
if A(V,E,s,t,n—1) = FALSE
return oo

min « 0
max < n—1
while min < max
mid « | (min + max)/2]
if A(V,E,s, t,mid)
max <« mid
else
min « mid + 1

return min

Each iteration of the while loop reduces the difference max —min by a factor
of 2, so the entire algorithm runs in O(logn) time. [ ]




CS 498 MCS Algorithms Homework 1 Solutions Fall 2026

(b) Now suppose you were told that the graph has lengths on the edges. Each edge length
is an integer between 1 and L, and A outputs whether there is an s-t path of total
length at most k. How will you use binary search in this case? How many time does
your algorithm call A in the worst case, as a function of n and L?

Solution: Just as in part (a), every shortest path from s to t has at most n—1
edges. It follows that the length of a shortest path, if such a path exists, is at
most L - (n—1).

SuorTESTPATH(V, E,s,t,L):
ne|V|
if A(V,E,s,t,Ln— L) = FALSE
return oo

min < 0
max < Ln—L
while min < max
mid « | (min + max)/2]
if A(V,E,s, t,mid)
max «— mid
else
min « mid + 1

return min

Each iteration of the while loop reduces the difference max —min by a factor
of 2, so the entire algorithm runs in O(lognL) = O(logn + log L) time. Note
that log L is the number of bits to represent L and hence the running time is
polynomial in the input size. ]

Rubric: 5 points for each part: 3 for correct algorithm, 2 for run-time and justification.
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3. The problem 2Sum asks whether a given sorted array A of n integers contains two integers
Ali] and A[j] such that A[i]+A[j] = 0.

(@) Describe an algorithm based on binary search that solves thus problem in O(nlogn)
time.

Solution: Suppose CONTAINS(A, x) returns TRUE if x appears in the sorted
array A, and FALSE otherwise, using binary search.

BINARYSEARCH2SUM(A[1..n]):
fori<1ton
if ConTains(A, —A[i])
return TRUE
return FALSE

This algorithm makes at most n calls to CONTAINS, each running in O(log n) time,
so the overall running time is O(nlogn). [ ]

Rubric: 4 points: 3 for correct algorithm, 1 for run-time justification.

(b) Consider the following O(n)-time algorithm that maintains two pointers, initially
at the ends of the array, and moves them inward until it either finds a solution or
correctly reports that there is none.

2POINTER2SUM(A[1..n]):
L—1; ren
while { < r
ifA[L]+A[r]<0
Le—L+1
else if A[{]+A[r]>0
rer—1
else ((A[¢]+A[r]=0))
return TRUE

return FALSE

* Prove that this algorithm terminates after at most n iterations. (This claim implies
that the algorithm runs in O(n) time.)

Solution: Initially r—¢ = n—1. When the algorithm ends, we have r—{ > 0.
Each iteration of the algorithm reduces r —¢ by 1. Thus, the algorithm ends
after at most n— 1 iterations. ]

Rubric: 3 points for correct proof.

* Describe an ending invariant for the while loop that can be used to prove that
this algorithm is correct.
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Solution:
For all indices i < j, if A[i] +A[j]=0,then{ <i<j<r.

Proof of correctness for 2PoINTER2SUM. If the array does not contain
two elements that sum to zero, the final “else” condition inside the while
loop never holds, so the algorithm completes n — 1 iterations of the while
loop and returns FALSE.

Otherwise, we can fix two indices i < j such that A[i]+A[j] = 0. Initially
we have 1 <i < j <n, so the invariant £ <i < j < r holds just before the
while loop begins.

Suppose the invariant £ <i < j < r holds at the start of some iteration
of the while loop. There are three cases to consider.

— Suppose A[{]+A[r] < 0. Because the array is sorted, we have A[j] <

A[r] and therefore A[£]+A[j] < 0, which implies that i # £. So we now

know that £ +1 <i < j <r. Setting £ < { + 1 restores the invariant.

— Suppose A[£]+A[r] > 0. Because the array is sorted, we have A[i] > A[{]
and therefore A[i] + A[r] < 0, which implies that j # r. So we now
know that £ <i < j <r—1. Setting r < r — 1 restores the invariant.

— Finally, if A[£]+ A[r] = 0, the algorithm immediately returns TRUE,
without completing the loop iteration. (This does not imply that £ =i
and r =j!)

In all cases, if we complete this iteration of the while loop, then the invariant
¢ <i<j<r holds at the end of the iteration.

It follows by induction that at the end of every completed iteration of
the loop, we have £ <i < j < r, and therefore r —¢ > j—i > 1. Thus the
algorithm must halt after at most (n—1)—(j—i) < n—2 complete iterations,
and therefore must return TRUE. O

Rubric: 2 points for correct invariant and 1 point for using it for a correct proof.




