CS 498 MCS Algorithms Homework o Solutions Fall 2026

1. Sort the following functions in asymptotic order. More precisely, if f(n) = o(g(n)), then
f(n) should come before g(n) in the ordering. If f(n) = ©(g(n)), you can list those two
functions in either order, but clearly indicate the tie.

To simplify notation notation, write f (n) < g(n) to indicate f (n) = o(g(n)), and write
f(n) = g(n) to indicate f(n) = ©(g(n)). For example: n = 10n+ /n < n'® < n'%lgn.

No proofs are required or should be submitted, but you should work them out anyway

to make sure your answers are correct.

n

n 3" n log(n!) (1+1/n)" nlgn

Solution:

(1+1/n)" < n < nlgn = log(n!) < 3" < n"

Proof:

n < 3" because polynomial < exponential. More formally, 'Hopital’s rule
implies
. n . 1
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3" < n = 3™ because n < nlogyn

log(n!) = ©(nlgn) because the crude approximation (n/2)"? < n! < n™ implies
%nlgn—n/Z =(n/2)Ig(n/2) <lg(n!) < nlgn.

nlogn < 3" because nlogn < n? < 3" because logarithm < polynomial <
exponential. Both inequalities follow more formally from 'Hopital’s rule:
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Finally, (1 + 1/n)" = ©(1) because lim,_, (1 + 1/n)" = e ~ 2.71828.
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2. Solve the following recurrences. Give a tight asymptotic bound for each function of the
form f(n) = ©(g(n)), where f(n) is the function and g(n) is composed of simple known
functions. No proofs are required or should be submitted, but you should work them out
anyway to make sure your answers are correct.

* A(n)=A(n/5)+nforn>5andA(n)=1 forn <5.

Solution (recursion tree): I'll use the recursion-tree method. In this case, the
recursion tree is a single path. The only node at level ¢ has value n/5¢, so the
sum of all node values is bounded above by a decreasing geometric series, which
is dominated by its largest term:

n 1 1 5
A(n) < Z? = nzy = n-l_l = n-Z = 0O(n).

5

On the other hand, A(n) > n for all n > 5, so A(n) = Q(n). We conclude that
A(n) = 0(n). [ |

Solution (Induction): We immediately observe that A(n) > n for all n > 5,
which implies A(n) = Q(n). To prove the matching upper bound, I will prove by
induction on n that A(n) < 2n for every positive integer n.

Let n be an arbitrary positive integer. Assume that A(k) < 4n for every
positive integer k < n. There are two cases to consider:
- If n <5, then A(n) = 1 < 2n by definition.
— Otherwise A(n) = A(n/5)+ n by definition. The inductive hypothesis implies
A(n/5) < 2n/5. It follows that A(n) < 2n/5+n=7n/5 < 2n.
|

* B(n)=B(n/2)+1forn>2and B(n)=1forn=1.

Solution: We immediately recognize this as the binary-search recurrence, which
implies B(n) = ©(logn).

I will prove by induction on n that log, n < B(n) <log,n+ 1.

Let n be an arbitrary positive integer. Assume that log,n < B(n) <log,n+1
for every positive integer m < n. There are two cases to consider.

- If n=1, then B(n) = 1 by definition, and log,n =0,and 0 <1 < 1.

— Suppose n > 1. Then B(n) = B(n/2) + 1 by definition. The inductive
hypothesis implies log,(n/2) < B(n/2) < log,(n/2) + 1, and therefore
logo,n—1 < B(n/2) <log,n.

Another proof is via recursion tree. One can see that the tree is a path with
work of 1 at each level and hence the total work is the depth of the recursion
tree. The size of the problem starts at n at the root, reduces to n/2 at the next
level, and then to n/4 and all the way to a constant. Thus the depth of the
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tree is the number d such that n/2¢ becomes a constant and one can see that
d = 0(logn). [ ]

* C(n)=2C(n/2)+nforn>2and C(n)=1forn=0,1.

Solution: We immediately recognize this as the mergesort recurrence, which
implies C(n) = ©(nlogn).

I'll use the recursion-tree method. The recursion tree is a perfectly balanced
binary tree. In each level £ there are 2¢ nodes, each with value n/2¢, so every
levels sum is equal to n. Part (b) implies that the number of levels is ©(logn). M
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3. (a) Let T be the following binary tree. Each node in T is labeled with a unique letter
from the English alphabet:

List (the labels of) the nodes in T in each of the following traversal orders:

e Preorder
e Inorder
e Postorder

(Part (b) shows the format we are expecting for each traversal order.)

Solution:
* Preorder: PACKMYBOXWITHFVE
* Inorder: MKBYCOAPIWXHVFET
e Postorder: MBYKOCAIWVEFHTXP

(b) Professor George O’Jungle has a 27-node binary tree, in which every node is labeled
with a unique letter of the English alphabet or the character &. Preorder and postorder
traversals of the tree visit the nodes in the following order:

e Preorder: TIQJHLEMVOTSBRGYZKCA&FPNUDWX
e Postorder: HEMLJVQSGYRZBTCPUDNFW&XAKOI

Draw George’s binary tree.

Solution:

Here is an outline of the reconstruction:

* The root I is the first node in preorder and the last node in postorder.
* The second node Q in preorder must be the root of the left subtree, and the
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second-to-last node O in postorder must be the root of the right subtree.

* The postorder traversal starts by traversing the left subtree, ending at
its root Q. So the left subtree contains the seven nodes HEML JVQ in
postorder, and therefore the same seven nodes Q J H L E MV in preorder. We
can reconstruct the left subtree recursively from these traversal sequences.

* Finally, the right subtree must contain the remaining 19 nodes in the
following orders:

— Preorder: OTSBRGYZKCA&FPNUDWX

— Postorder: SGYRZBTCPUDNFW&XAKO
Again, we can reconstruct the right subtree recursively from these traversals.
In general, a binary tree T can be uniquely reconstructed from its pre- and
postorder traversal sequences if and only if every non-leaf node in T has two

children. (If a node v has only one child w, it’s impossible to tell whether w is
the left child of v or the right child of v.) [ |
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4. Recall that a binary search tree is a rooted binary tree T in which every node v has three
associated values:
* v.left: a pointer to the left child of v (or NuLL)
* v.right: a pointer to the left child of v (or NuLL)
* v.key: a number called the search key associated with v
Let T, denote the subtree of T rooted at v. The search keys in T are distinct and satisfy

the following recursive property: For every node v, all keys in the left subtree of T, are
less than v.key, and all keys in the right subtree of T, are greater than v.key.

Now suppose we augment the tree by adding an additional value to each node:
* v.size: the number of nodes in the subtree rooted at v (including v itself)

Describe and analyze an algorithm to determine, given a binary search tree T (augmented
with subtree sizes) and a number x, the number of search keys in T that are strictly greater
than x.

Your algorithm should run in O(d) time, where d is the depth of T. In particular, if T
is balanced, meaning its depth is O(logn), your algorithm should run in O(logn) time,
where n is the number of nodes in T.

Solution: We describe simple recursive procedure that walks down the tree. The
top-level function call is COUNTGREATER(T.root):

CoUNTGREATER(V):
if v =NuLL
return O
if v.key < x
return COUNTGREATER(v.right)

count < COUNTGREATER(V.left)
if v.right = NuLL

return count + 1
else

return count + 1 + v.right.size

The algorithm does O(1) non-recursive work, and then recurses on at most one child
of v. Thus, the recursive calls trace a single path from the root of T to a leaf. It follows
that the worst-case running time is the maximum length of such a path, which is the
definition of the depth of T. |
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5. Submit a proof for one of the following problems.

(a) Suppose we want to prove that Z?:l llz < 2 by induction on n. This turns out to
be not so easy directly. But it is quite a bit easier to prove the stronger statement

Z?:l llz <2— % Prove this stronger statement by induction on n.

Solution: Let P(n) be the statement that Z?:l llz <2-— % We prove P(n) is

true for alln > 1.

no1

i=172
Induction step: Assume P(h) is true for all 1 < h < n. We will prove that

P(n) is true.

Base case: n=1. . =1and 2—1/n =1 and the statement is true.

n n—1
1 .
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<2—1/n since %>O.

1 —
n(n—1)

(b) Recall that the nth Fibonacci number F, is defined recursively as follows:

0 ifn=0
F,=11 ifn=1

F,_1+F,_, otherwise

Prove by induction on n that F, is even if and only if n is divisible by 3.

Solution: Let P(n) be the statement that F, is even if and only if n is divisible
by 3. We prove that P(n) is true for all n > 0 by induction on n.

Base cases: We have Fy =0,F; = 1,F, =1 and hence P(0),P(1), P(2) are
true.

Induction step: Let n > 3 and assume P(h) is true for h < n. We will prove
P(n) is true. Let k =n mod 3, in other words n = 3k + r where r € {0, 1,2}
and k > 0. We consider three cases based on r.

e r =0. nis divisible by 3. We have F, =F,_;+F, ,andn—1 and n—2
are not divisible by 3 and hence by the induction hypothesis, F,_; and F,_,
are both odd and hence F,, is even.

* r =1. nis not divisible by 3 and n —1 is divisible by 3 and n — 2 is not
divisible by 3. By the induction hypothesis F,,_; is even and F,_, is odd and
hence F,, = F,_; + F,_, is odd.
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e r = 2. This is case is very similar to the previous one.

6. Suppose you are given a directed graph G = (V, E), where each vertex is colored either red,
green, or blue. Recall that a vertex v € V is reachable from another vertex u € V if and
only if G contains a directed path from u to v.

Describe and analyze an algorithm for one of the following problems, whichever you
find more difficult. (A solution to the part (b) immediately implies a solution to part (a).)

(@) Given the graph G and a vertex s € V, determine whether any red vertex in G is
reachable from s.

Solution: We will assume that we have an algorithm Reach(G, s, t) that takes
as input a directed graph G = (V, E) and indices of two vertices s, t and outputs
whether s can reach t. One can easily implement this via standard graph search
algorithms such as BFS or DFS or WFS in O(n + m) time assuming that G is given
in the standard adjacency list representation. We will solve the problem via a
simple graph reduction.

* Create a new graph G'(V,E’) where V' =V U {t} (t is a new vertex) and
E'=EU{(u,t) | uis colored red}.
e OQutput Reach(G,s, t).

In other words we obtain G’ from G by creating a new sink vertex t, and
connecting each red vertex to t with an edge. This can be done in O(n + m)
time and the new graph has n + 1 vertices and at most m + n edges. Then we
do a computation in G’ to see whether s can reach t which takes O(|V’| + |E’|)
and this is O(m + n). We briefly argue the correctness. Suppose s can reach
some red vertex u in G. Then, in G’ s can reach t via the concatenation of the
path from s to u and the edge (u, t). Conversely, suppose there s can reach t
in G’. This implies that there is a path P from s to t in G’. The vertex t has no
outgoing edges and only incoming edges. Let (u, t) be the last edge of the path
P. Since the only edges incident to t are via red vertices (by construction of G’),
u is a red vertex. Thus P consists of a path Q from s to u followed by the edge
(u, t) where u is a red vertex. Note that Q does not have any edges incident to t
since t has no outgoing edges and hence Q is a path in G. This implies that a
red vertex is reached by s in G.

(b) Given the graph G and a vertex s € V, return the number of red vertices in G that are
reachable from s.

Solution: The standard search procedures, given G and s output a search tree
T rooted at s that contains all the nodes in G that are reachable from s.

» Compute the search tree T = (V’,E’) from s in G.
* Count the number of red nodes in V’ and output the count.
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The first step takes O(m + n) time and the second step takes O(n) time. [ ]

Express the running time of your algorithm in terms of m = |E| and n = |V|.



