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Midterm $ Practice Problems

These are examples of problems that cover the same material as Midterm !, at roughly the
same level of di"culty. None of these problems will appear on the actual exam. We strongly
encourage you to attempt these problems under exam conditions: Using pen and paper, in a
distraction-free environment, with no electronic devices, after reviewing past lectures, lecture
notes, and homework.

The actual midterm will contain four problems, some of which might consist of several shorter
questions, and you will have two hours to complete the exam. You should aim to solve each short
question in at most # minutes, and each longer problem in less than $% minutes.

You can bring one handwritten double-sided “cheat sheet” to the midterm. We recommend
solving a few problems under exam conditions before creating your cheat sheet, to help you
prioritize what to include in your cheat sheet.

Short questions

!. Solve the following recurrences.

• A(n) = 3 · A(n/4) +O(n)
• B(n) = 4 · B(n/3) +O(n)
• C(n) = 3 · C(n/4) +O(1)
• D(n) = 3 · D(n/2) +O(n2)
• E(n) = 7 · E(n/2) +O(n2)
• F(n) = 4 · F(n/2) +O(

→
n)

• G(n) = G(n/2) + G(n/6) + G(n/10) +O(n)
• H(n) = H(n/4) + 2 ·H(n/16) +O(

→
n)

• I(n) = 3 · I(n/2) + 4 · I(n/4) +O(n2)

&. For each of the following recursive functions, describe an appropriate memoization structure
and evaluation order, and give the running time of the resulting iterative algorithm.

• Compute Rizz(1, n), where

Rizz(i, k) =





0 if i > n or k < 0

min

%
Rizz(i + 1, k↑ 2)
Rizz(i + 2, k↑ 1)

&
+ A[i, k] if A[i, k] is even

max

%
Rizz(i + 1, k↑ 2)
Rizz(i + 2, k↑ 1)

&
↑ A[i, k] if A[i, k] is odd

• Compute Skibidi(1, n), where

Skibidi(i, k) =





0 if i ↓ k↑ 1

max

%
Skibidi(i, j)
+ Skibidi( j, k)

''''' i < j < k
&
+

k∑

j=i

A[ j] otherwise

!
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• Compute Delulu(n, 1), where

Delulu(i, s) =





→ if i < 0 or s > n

0 if i = 0

min

%
Delulu(i, 2s)

X [i] · s +Delulu(i ↑ s, s)

&
otherwise

• Compute Ohio(1, n), where

Ohio(i,ω) =
ω↑1∑

j=i+1

ω↑1∑

k= j+1

max
(
Ohio(i, j), X [ j, k], Ohio(k,ω)

)
(max∅ = 0)

• Compute Chud(n), where

Chud(i) =max

*+ j∑

k=1

A[ j, k]
,2
+ Chud( j)

----- 1↓ j < i

.
(max∅ = 0)

Longer problems

!. Consider the following algorithm for the maximum-subarray problem:

M!"S#$!%%!&S#’(A[1 .. n]):
sum↔ 0
minsum↔ 0
maxdi!↔ 0
for k↔ 1 to n

sum↔ sum + A[k]
minsum↔min{minsum, sum}
maxdi!↔max{maxdi!, sum↑ minsum}

return maxdi!

For each of the following invariants, prove that for all k, the invariant holds at the end of
the kth iteration of the for-loop:

(a) sum is the sum of all elements of A[1 .. k].
(b) minsum is the minimum sum of any prefix of A[1 .. k].
(c) sum↑ minsum is the maximum sum of any subarray ending at A[k].
(d) maxdi! is the maximum sum of any subarray of A[1 .. k].

[Hint: The empty prefix A[1 .. 0] is a prefix with sum 0. More generally, for all k, the
empty subarray A[k + 1 .. k] is a subarray with sum 0.]

". Suppose we are given a two-dimensional array A[1 .. n, 1 .. n] of numbers, in which every
row A[i, ·] is sorted and every column A[·, j] is sorted. All n2 numbers in A are distinct.

Describe and analyze an iterative O(n)-time algorithm that determines whether the
given array A contains a given value x . State the precise loop invariant that your algorithm
maintains.

#
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$. Suppose you are given a sorted array A[1 .. n] of distinct numbers that has been rotated k
steps, for some unknown integer k between 1 and n↑1. That is, the prefix A[1 .. k] is sorted
in increasing order, the su%x A[k + 1 .. n] is sorted in increasing order, and A[n] < A[1].
For example, you might be given the following &’-element array (where k = 10):

9 13 16 18 19 23 28 31 37 42 ↑4 0 2 5 7 8

Describe and analyze an e%cient algorithm to determine if the given array contains a
given number x . The input to your algorithm is the array A[1 .. n] and the number x; your
algorithm is not given the integer k.

’. Suppose you are given two unsorted arrays A[1 .. n] and B[1 .. n] containing 2n distinct
integers, such that A[1] < B[1] and A[n] > B[n]. Describe and analyze an e%cient
algorithm to compute an index i such that A[i]< B[i] and A[i +1]> B[i +1]. [Hint: Why

does such an index i always exist?]

(. Suppose you are given k sorted arrays A1, A2, . . . ,Ak each of which contains n numbers.
Assume that all kn numbers in these arrays are distinct. Describe and analyze an algorithm
to merge these k sorted arrays into a single sorted array of length kn, in O(kn log k) time.

[Hint: Recall from class (or Je! ’s textbook) that we can M!"#! two sorted arrays of
sizes n1 and n2 into a single sorted array of size n1 + n2 in O(n1 + n2) time. You may use
this M!"#! algorithm as a black box.]

). Suppose you are given arrays B[1 .. n] and D[1 .. n] that represent the births and deaths of
n historical figures. None of your historical figures are time travelers, so B[i] < D[i] for
every index i. You want to find the pair of historical figures whose lives overlapped the
most. More formally, you want to find indices i and h that maximize the overlap length

max
(
0, min{D[i], D[ j]}↑max{B[i], B[ j]}

)
.

Describe and analyze an e%cient algorithm to solve this problem.

[Hint: Start by splitting the list in half by birth date. Do not assume that people always

die in the same order they are born. Assume that all birth and death times are distinct and
accurate to the picosecond.]

*. Describe and analyze an algorithm to compute the length of a longest convex subsequence
of a given array A[1 .. n] of integers. A sequence B[1 ..ω] is convex if B[i] ↑ B[i ↑ 1] >
B[i ↑ 1]↑ B[i ↑ 2] for every index i ↗ 3.

For example, given the array
/
3,1, 4,1, 5, 9,2, 6, 5, 3,5, 8,9, 7, 9, 3, 2, 3, 8, 4, 6,2, 7

⎛

your algorithm should return the integer 6, because ↘3, 1,1, 2,5, 9≃ is a longest convex
subsequence (one of many).

! frac312
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&+. It’s almost time to show o, your flippin’ sweet dancing skills! Tomorrow is the big dance
contest you’ve been training for your entire life, except for that summer you spent with
your uncle in Alaska hunting wolverines. You’ve obtained an advance copy of the list of n
songs that the judges will play during the contest, in chronological order. Yessssssssss!

You know all the songs, all the judges, and your own dancing ability extremely well.
For each integer k, you know that if you dance to the kth song on the schedule, you will be
awarded exactly Score[k] points, but then you will be physically unable to dance for the
next Wait[k] songs (that is, you cannot dance to songs k + 1 through k +Wait[k]). The
dancer with the highest total score at the end of the night wins the contest, so you want
your score to be as high as possible.

Describe and analyze an e%cient algorithm to compute the maximum total score you
can achieve. The input to your sweet algorithm is the pair of arrays Score[1 .. n] and
Wait[1 .. n].

"
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