CS 498 MCS Algorithms < Fall 2026

» Homework 6 o
Due Tuesday, October 20, 2026 at 9gpm Central Time

* Submit your solutions electronically on Gradescope as PDF files.

- Submit a separate PDF file for each numbered problem.

- You can find a BIEX solution template on the course web site, which we encourage
you to use to typeset your homework.

- If you plan to submit scanned handwritten solutions, please use dark ink (not pencil)
on white unlined paper (not notebook or graph paper), and use a scanner or a
scanning app to create a high-quality PDF for submission (not a raw photo). We
reserve the right to reject submissions that are difficult to read.

— If you plan to use a tablet and a note-taking app, please make sure your submitted
PDF is broken into standard US-letter sized pages (not a long scroll).
* For each numbered problem, your solution must include three explicit declarations.
— Sources: Every source you consulted, either paper or electronic, excluding the official
course materials. (If you did not consult any external sources, write “None.”)

— Collaborators: Every person you worked with, excluding the instructors and the
homework group listed on the first page of your soultion. (If you did not work with
any other people, write “None.”)

— Al use: An explicit list of every Al tool that you used, and exactly how you used it. (If
you did not use any Al tools, write “None.”)

Solutions without all three declarations will not be graded.

See the course web site for more information.

If you have any questions about these policies,
please don’t hesitate to ask in lecture, in office hours, or online.
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Required problems

1. Given a connected undirected graph G = (V, E), vertex u is called a separating vertex, or
cut-vertex, if removing u leaves the graph into two or more disconnected pieces; note that u
does not count as one of the pieces in this definition. Your goal in this problem is to develop
a linear time algorithm to find all the cut-vertices of a given graph using DFS. Let T be a
DFS tree of G (note that it is rooted at the first node from which DFS is called). For a node
v we will use the notation T, to denote the sub-tree of T hanging at v (T, includes v).
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In the graph shown above, identify all the cut-vertices.

For each node u define:

pre(u)

low(u) = mm{ pre(w) where (v,w) is a back edge for some descendant v of u.

Give a linear time algorithm that computes the low value for all nodes by adapting
DFS(G). Give the altered pseudo-code of DFS(G) to do this. There is no need to prove
that your code is correct.

Prove that the root of the DFS tree is a cut-vertex if and only if it has two or more
children.

Prove that a non-root vertex u of the DFS tree T is a cut-vertex if and only if it has a
child v such that no node in T, has a backedge to a proper ancestor of u (that is, an
ancestor of u which is not u itself).

The above two properties can be used to find all the cut-vertices in linear time. Give
the pseudo-code for a linear time algorithm to do so. There is no need to prove that
your code is correct.

(It is instructive to run DFS on the example graph and compute the pre values and the low
values for each node.)

2. Solve the two problems by considering the directed graph structure via its meta graph.

@)

A directed graph G = (V, E) is semi-connected if for every pair of vertices (u, v), u can
reach v or v can reach u (or both). Note that every strongly connected graph is also
semi-connected, but not vice-versa. Give a linear time algorithm to test whether a
given directed graph is semi-connected or not. Linear time means a running time of
O(m + n) where m is the number of edges and n is the number of nodes.



CS 498 MCS Algorithms Homework 6 (due October 20) Fall 2026

(b) Let G =(V,E) be a directed graph that is not strongly connected. You wish to add
exactly one edge to make it strongly connected. Describe a linear time algorithm
to decide whether there is a single edge that can be added to G to make it strongly
connected.

3. One of Jeff’s daughter’s elementary-school math workbooks! contains several puzzles of
the following form:

Complete each angle maze below by tracing a path from Start to Finish that has only
acute angles.

Start Finish
Start Finish

Describe and analyze algorithm that computes a shortest solution to any acute-angle maze.

Your input is a connected undirected graph G, whose vertices are points in the plane
and whose edges are straight line segments. Edges do not intersect, except at their
common endpoints. For example, a drawing of the letter X would have five vertices and
four edges, and the first maze above has 18 vertices and 21 edges. Formally, a walk in G is
valid if, for any two consecutive edges u—v—w in the walk, either Zuvw = 7 (straight) or
0 < Zuvw < 1/2 (acute). You are also given two vertices Start and Finish.

Your algorithm should compute a valid walk from Start to Finish that traverses as few
edges as possible, or report correctly that no such walk exists. (If your walk traverses
the same edge twice, count it twice.) Assume you have a subroutine that can determine
whether the angle between two given edges is straight, obtuse, right, or acute, in O(1)
time.

Additional practice problems (not for submission)

Feel free to ask us about these problems after class, in office hours, or on Ed Discussion!

4. You have a collection of n lockboxes and m gold keys. Each key unlocks at most one box;
however, each box might be unlocked by one key, by multiple keys, or by no keys at all.
There are only two ways to open each box once it is locked: Unlock it properly (which
requires having a matching key in your hand), or smash it to bits with a hammer.

Your baby brother, who loves playing with shiny objects, has somehow managed to lock
all your keys inside the boxes! Luckily, your home security system recorded everything, so
you know exactly which keys (if any) are inside each box. You need to get all the keys back
out of the boxes, because they are made of gold. Clearly you have to smash at least one
box, but you'd prefer not to smash them all.

1Jason Batterson and Shannon Rogers, Beast Academy Math: Practice 3A, 2012. See https://www.beastacademy.
com/resources/printables.php for several more examples.


https://www.beastacademy.com/resources/printables.php
https://www.beastacademy.com/resources/printables.php
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(@) Your baby brother has found the hammer and is eagerly eyeing one of the boxes.
Describe and analyze an algorithm to determine if it is possible to retrieve all the keys
without smashing any box except the one your brother has chosen.

(b) Describe and analyze an algorithm to compute the minimum number of boxes that
must be smashed to retrieve all the keys.

5. The Cheery Hells neighborhood of Sham-Poobanana runs a popular and well-regulated
Halloween celebration, attended by thousands of costumed children from all across
Poobanana County. To regulate the anticipated crowds, the Cheery Hells Neighborhood
Association has designated a walking direction for each stretch of sidewalk.

After paying the $25 entrance fee, each child receives a map of the neighborhood, in the
form of a directed graph G, whose vertices represent houses. Each edge v—w indicates that
one can walk directly from house v to house w following the designated sidewalk directions.
(Anyone caught walking backward along a sidewalk will be ejected from Cheery Hells,
without their candy. No refunds.) A special vertex s designates the entrance to Cheery
Hells. Children can visit houses as many times as they like, but a network of biometric
scanners ensures that each child receives candy only at their first visit to each house.

The children of Cheery Hells have published a secret web site listing the amount of
candy that each house in Cheery Hells will give to each visitor.

Describe and analyze an algorithm to compute the maximum amount of candy that a
single child can obtain in a walk through Cheery Hells, starting at the entrance node s.
The input to your algorithm is the directed graph G, along with a non-negative integer
v.candy for each vertex v, describing the amount of candy the corresponding house gives
to each first-time visitor.

[Hint: Think about two special cases first: (1) Cheery Hells is strongly connected, and
(2) Cheery Hells is acyclic. Solving only these two special cases is worth half credit.]

6. Given a directed graph G = (V,E) and two nodes s, t we discussed algorithms to find
shortest paths when the costs or weights are on the edges. Suppose we have costs or
weights on the nodes. The length of a path now includes the weight of the edges as well as
the nodes on the path. Show a simple reduction that transforms this new problem to the
old problem with only edge weights.

7. Suppose you are given a directed graph G = (V, E) with non-negative edge lengths; £(e) is
the length of e € E. The graph represents a road network and you are interested in the
shortest path distance between two given locations/nodes s and t. It has been noticed
that the existing shortest path distance between s and ¢t in G is not satisfactory and there
is a proposal to build exactly one additional bypass road to help improve the situation.
There are several choices for the bypass road and these choices are given by a set of edges
E’ ={ey,e,,...,er} and you can assume that ENE’ = . The length of the bypass road
e; is a; > 0. Your goal is figure out which of these k bypass roads will result in the most
reduction in the shortest path distance from s to t. Describe an algorithm for this problem
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that runs in time O((m + n)logn + k) where m = |E| and n = |V|. Note that one can easily
solve this problem in O(k(m + n)logn) by running Dijkstra’s algorithm k times, one for
each G; where G; is the graph obtained by adding e; to G. (Hint: What can you say about
the shortest path distance from s to t in G; if e; is on the path?)
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