CS 498 MCS Algorithms < Fall 2026

» Homework 5 eu
Due Tuesday, October 13, 2026 at gpm Central Time

* Submit your solutions electronically on Gradescope as PDF files.

- Submit a separate PDF file for each numbered problem.

- You can find a BIEX solution template on the course web site, which we encourage
you to use to typeset your homework.

- If you plan to submit scanned handwritten solutions, please use dark ink (not pencil)
on white unlined paper (not notebook or graph paper), and use a scanner or a
scanning app to create a high-quality PDF for submission (not a raw photo). We
reserve the right to reject submissions that are difficult to read.

— If you plan to use a tablet and a note-taking app, please make sure your submitted
PDF is broken into standard US-letter sized pages (not a long scroll).
* For each numbered problem, your solution must include three explicit declarations.
— Sources: Every source you consulted, either paper or electronic, excluding the official
course materials. (If you did not consult any external sources, write “None.”)

— Collaborators: Every person you worked with, excluding the instructors and the
homework group listed on the first page of your soultion. (If you did not work with
any other people, write “None.”)

— Al use: An explicit list of every Al tool that you used, and exactly how you used it. (If
you did not use any Al tools, write “None.”)

Solutions without all three declarations will not be graded.

See the course web site for more information.

If you have any questions about these policies,
please don’t hesitate to ask in lecture, in office hours, or online.
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Required problems

1. Every year, as part of its annual meeting, the Antarctican Snail Lovers of Upper Glacierville
hold a Round Table Mating Race. Several high-quality breeding snails are placed at the
edge of a round table. The snails are numbered in order around the table from 1 to n.
During the race, each snail wanders around the table, leaving a trail of slime behind it.
The snails have been specially trained never to fall off the edge of the table or to cross a
slime trail, even their own. If two snails meet, they are declared a breeding pair, removed
from the table, and whisked away to a romantic hole in the ground to make little baby
snails. Note that some snails may never find a mate, even if the race goes on forever.

5

The end of a typical Antarctican SLUG race. Snails 6 and 8 never find mates.
The organizers must pay M[3,4]+ M[2,5]+ M[1,7].

For every pair of snails, the Antarctican SLUG race organizers have posted a monetary
reward, to be paid to the owners if that pair of snails meets during the Mating Race.
Specifically, there is a two-dimensional array M[1..n,1..n] posted on the wall behind
the Round Table, where M[i, j] = M[j,i] is the reward to be paid if snails i and j Meet.
Rewards may be positive, negative, or zero.

Describe and analyze an algorithm to compute the maximum total reward that the
organizers could be forced to pay, given the array M as input.

2. Given a directed graph G = (V, E) and two nodes s and t, an s-t walk is a sequence of
nodes s = vy, Vq,...,V, =t where v;—v;,; is an edge of G for all 0 < i < k. Note that a
node may be visited multiple times in a walk — this is how it differs from a path.

Let G = (V,E) be a directed graph. Each vertex is colored red, colored blue, or
uncolored; let R € V be the set of red vertices, B C V the blue vertices, and U C V the
uncolored vertices. Describe an efficient algorithm that, given distinct vertices s and ¢t,
finds whether there is a walk from s to t that contains at least one red vertex and at least
one blue vertex. Assume for simplicity that s and t are uncolored.
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3. This question is about cycles in graphs.

* Describe a linear time algorithm that given a directed graph G = (V, E) and a node
s € V outputs a directed cycle containing s if there is at least one, or correctly states
that there is no directed cycle containing s.

* Describe a linear time algorithm that given an undirected graph G = (V, E) and a node
s € V outputs a cycle containing s if there is at least one, or correctly states that there
is no cycle containing s.

Additional practice problems (not for submission)

Feel free to ask us about these problems after class, in office hours, or on Ed Discussion!

4. Huckleberry Sawyer needs to get his fence painted. His fence consists of a row of n wooden
slats, all initially unpainted. He has been given a target color for each slat.

Huck refuses to do any painting himself. Instead, each day he can hire one of his friends
to paint any contiguous subset of slats a single color, for the uncomfortably high price of
one nickel. Huck has really good paint, so he doesn’t care if the same slat gets painted
multiple times, as long as the last coat of paint on each slat matches its target color.

Describe and analyze an algorithm that determines, given an array of target colors
C[1..n] as input, the minimum number of nickels that Huck must spend to have his fence
completely painted.

For example, if n = 9 and Huck’s target color sequence is red, green, blue, green, red,
green, blue, green, red, then your algorithm should return the integer 5. There are at least
two different ways that Huck can get his fence painted by spending only five nickels:

(ITYVOLTY)~ CEPAYOA - AT
(ITYILLEY) ~ CCRPYYOCD- (O e

YT (AR - (D
LT (TR - (T

[Hint: You need to prove that there is always an optimal plan with a certain structure.
Start by considering what can happen after the optimal plan first paints slat 1.]
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5. Graphs are a powerful tool to model many phenomena. The edges of a graph model pairwise
relationships. It is natural to consider higher order relationships. Indeed hypergraphs
provide one such modeling tool.

A hypergraph G = (V, £) consists of a finite set of nodes/vertices V and a finite set of
hyper-edges €. A hyper-edge e € € is an arbitrary subset of nodes; a single hyper-edge
can contain more than two nodes. An undirected graph is a hypergraph where each
hyper-edge has size exactly two. The representation size of a hypergraph is |[V|+ > .. lel.
For example, the hypergraph G = (V, £) with vertices V = {1, 2, 3,4, 5} and hyper-edges
& =1{{1,2},{2,3,4},{1,3,4,5},{2,5}} has representation size 16.

An alternating sequence of nodes and hyper-edges x;,e;, X9, €5,...,€5_1,Xi, Where
x; €V foralll<i<kand e e éforalll <j<k—1,is called a walk from u to v if (i)
x; =uand x;, =v and (ii) for all 1 < j <k, we have x; € e; and x;; € e;.

e Given a hypergraph G = (V, &) and two nodes u,v € V we say that u and v are
connected if there is walk in G from u to v. We say that a hypergraph G is connected if
every pair of nodes in G is connected.

Describe an algorithm that decides whether a given hypergraph G is connected.
The running time of your algorithm should be linear in the representation size of the
input hypergraph G. In essence, describe a reduction of this problem to the standard
graph connectivity problem. You need to prove the correctness of your algorithm.

* Suppose we want to quickly spread a message from one person to another person
during an emergency on a social network called AppsWhat, which is organized as a
collection of groups. Any user can be part of any number of groups. Any member of
a group can broadcast information to the entire group by sending a single message.
AppsWhat knows the members and the list of groups on its service.

Suppose we want to find the fewest messages that allow one user u to communicate
information to another user v. Model this problem using hypergraphs and describe a
linear-time algorithm for it. No proof necessary for this part.
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