CS 498 MCS Algorithms < Fall 2026

» Homework 1 &
Due Tuesday, September 8, 2026 at gpm Central Time

 Starting with this homework you are allowed to work in groups of up to three students.
Read the instructions on the course webpage. Each group needs to submit only one copy of
the homework.

* Submit your solutions electronically on Gradescope as PDF files.

— Submit a separate PDF file for each numbered problem.

- You can find a BTEX solution template on the course web site, which we encourage
you to use to typeset your homework.

— If you plan to submit scanned handwritten solutions, please use dark ink (not pencil)
on white unlined paper (not notebook or graph paper), and use a scanner or a
scanning app to create a high-quality PDF for submission (not a raw photo). We
reserve the right to reject submissions that are difficult to read.

- If you plan to use a tablet and a note-taking app, please make sure your submitted
PDF is broken into standard US-letter sized pages (not a long scroll).

See the course web site for more information.

If you have any questions about these policies,
please don’t hesitate to ask in lecture, in office hours, or online.
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1. Suppose you have a stack S on which you perform some push and pop operations
interspersed with each other. We are given the following information. The pushes are
1,2,3,4,5,6,7 in order but there can be pops in between. Each time you pop a number
off the stack, you print that number.

For example, the sequence of operations PusH(1), PusH(2), PusH(3), Pop( ), PusH(4),
Pop( ), Por(), PusH(5), PusH(6), Pop(), Por(), Por(), PusH(7), Por() produces the
output 3,4,2,6,5,1,7.

Which of the following sequences could be the output of this algorithm?

* 7,6,5,4,3,2,1
* 2,4,6,7,5,3,1
* 1,2,4,5,7,3,6
* 3,2,1,7,5,4,6

Justify your answers. If a sequence is a valid output, list the operations that produce it. If
a sequence is not a valid output, explain why not.

Extra credit: Now consider the following algorithmic problem where the nubers 1,2,...,n
are pushed in order. You are given a sequence of m numbers a;,a,,...,da,, where each
number q; is an integer between 1 and n. Design an algorithm that checks whether the
sequence a, d,,...,d, could have been printed.

2. You learned Binary Search as a way to search in a sorted array. The goal of this problem
is to expose you to the use of the same strategy to reduce an optimization problem to a
decision problem.

Suppose you have an algorithm A that given as input a directed graph G = (V, E), nodes
s,t €V, and an integer k, outputs whether there is a path from s to ¢t with at most k edges.
Note that A is a decision algorithm that only tells you YES or NO. Your goal is to find the
length of a shortest s-t path in G.

(@) Describe an algorithm B that given G = (V, E), and nodes s and t, uses A as a black
box O(logn) times and outputs the length of the shortest path from s to t. Here
n = |V| is the number of nodes in the graph. Your algorithm should report oo if there
is no s-t path.

(b) Now suppose you were told that the graph has lengths on the edges. Each edge length
is an integer between 1 and L, and A outputs whether there is an s-t path of total
length at most k. How will you use binary search in this case? How many time does
your algorithm call A in the worst case, as a function of n and L?

This problem does not require you to know shortest path algorithms but only the definition
of a path in a graph.
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3. The problem 2Sum asks whether a given sorted array A of n integers contains two integers
Ali] and A[j] such that A[i]+A[j] = 0.

(@) Describe an algorithm based on binary search that solves thus problem in O(nlogn)
time.

(b) Consider the following O(n)-time algorithm that maintains two pointers, initially
at the ends of the array, and moves them inward until it either finds a solution or
correctly reports that there is none.

2POINTER2SUM(A[1..n]):
L—1; ren

while { < r
ifA[i]+A[j]1<0
L—L+1
else if A[i]+A[j]>0

rer—1
else ((A[i]+A[j]=0))
return TRUE

return FALSE

* Prove that this algorithm terminates after at most n iterations. (This claim implies
that the algorithm runs in O(n) time.)

* Describe an ending invariant for the while loop that can be used to prove that
this algorithm is correct.

4. Extra credit! Use loop invariants to prove that the following algorithm correctly sorts any
input array.

WHATTHEACTUALSORT(A[1..1n]):
forie—1ton
forje—ntol
if Ali] <A[j]
swap Ali] — A[j]

Yes, both for-loops have the correct limits and correctly run in opposite directions, and
yes, the direction of the comparison A[i] < A[j] is correct. You may assume that the input
array A[1..n] contains n distinct integers.



