Appendix to Lecture 27

J. Meseguer

Theorem. Let f : A — B be a simulation map, then for any U,V < A, A |= 3U —* V implies
B 3f(U) —-* f(V). Equivalently, B = Yf(U) »* f(V) implies A = VYU -»* V.

Proof: A |=3U —* V just means that Ja € U, 3a’ € V, a —% a’. But, since f is a simulation,
this forces f(a) =% f(a'), ie., BE3f(U) =»* f(V). O

Theorem. Let f: A — B be a bisimulation map, then for any U,V € A, A |=3U —* V iff
B = 3f(U) —-* f(V). Equivalently, A |= YU —»* V iff BEVf(U) »* f(V).

Proof: Taking into account the previous theorem, we just need to prove that B = 3f(U) —
f(V) implies A |=3U —* V. But B |=3f(U) —* f(V) means that 3a € U, 3a' € V, f(a) —}%
f(a’), and f being a bisimulation then forces a —% @/, giving us A |= 3U —* V, as desired. [

*

Theorem. Let R = (X, E U B, R) be a topmost rewrite theory such that G = E'u B is FVP,
and G’ = E' v B’ is such that E U E' v Bu B’ is FVP modulo B u B'. R/G" defines a
bisimilar equational abstraction of R if for each (u}) = u}) € G', 1 <i < p, and (¢} — t]) € R,
1<j<gq, and each o € UmfG(tb, =ul),0<b<1,0<¥b <1, there exists a 6 such that
ub,®1a =q th A tb@le =q tl@la where @ denotes exclusive or.

Proof: It will be enough to show that for all j, 1 < j < ¢, and for any R/G u G’ rewrite of the
form w =g ¢ top — t1p =goue W' there is a R/G rewrite of the form w =¢ tjp — tlp =g w'.
The proof is by contradiction. Suppose not. Then, we can choose a specific k, 1 < k < g,
and an R/G U G’ rewrite w =g o thp — thp =gog w' for which no R/G rewrite of the
form w =G tho' — thp' =g w' exists and, furthermore, if n; are the G’ equality steps in
W =qucr top and n, are the G’ equality steps in tlp =guq W, then n; + n, is smallest
possible so that no R/G rewrite of the form w =g t§p’ — t¥p’ =¢ w' exists. Without loss of
generality we may assume that vars(G’) n vars(R) = & and that n; > 0 (the case n, > 0 is
entirely analogous). Therefore, the proof w =g ¢ t’(‘)’ can be decomposed as a proof of the
form w =g o u’lfélr = ulg/T =g tfp for some k', 1 < k' < p, and 7, with w =g ¢ u’gélT
involving n; — 1 G’ equality steps. But then T w p is a G-unifier of the equation ulg/ = t’g.
Therefore, there exists a o € Unif o(th = uf) and any such that oy =¢ (7‘ w p), and by the
theorem’s assumptions there exist a 0 such that ub,@la =a tOH A th =a t o. But this gives
as a R/G U G’ rewrite of the form:

K K k k k k
W =GquG’ Upp1T =G Upp107Y =G toy — 110y =g tioy =c tip =cuc w'

with (n; +n,)—1 G’ equality steps contradicting the minimality of n; + n, for which no R/G
rewrite of the form w =g tF a0 — thp' =g w' exists. [



