LECTURE 25: PROBABILISTIC COMPLEXITY CLASSES

Date: November 28, 2023.

A Probabilistic Turing Machine M is an ordinary (deterministic) Turing machine with a special read-
only, “random-bits” tape — M moves its tape head right in each step, and never overwrites it. For M that
runs in time T'(n) time, we assume that the random-bits tape contains a binary string of lengtk T'(n). The
result of the computation of M (i.e., accept/reject) on input z with y on random-bits tape will be denoted
by M(z,y).

_ Hy €{0,1}70=D | M(z,y) accepts}|

Pry (M (z,y) accepts) 9T (=)

Randomized Time: A language A € RTIME(T'(n)) is there is a probabilistic TM M running in time 7'(n)
such that

e if x € A then Pry (M (z,y) accepts) > 2, and
o if z ¢ A then ry(M(z,y) accepts) = 0.

RP = U, RTIME(n)
co-RP = {4 |4 € RP}

Bounded Probabilistic Time: A language A € BPTIME(T(n)) is there is a probabilistic TM M running

in time 7T'(n) such that Al = _z c‘r?y‘r o ek
e if z € A then Pry(M(z,y) accepts) > 2, and wj) <X "6 w
o if z ¢ A then Pry(M(z,y) accepts) < %. Flj &M(j‘/‘j) f A('ﬂ—)) = ﬁ .

BPP = U, BPTIME(n®)

Proposition 1. Thke following relations hold.
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Lemma 2 (Amplification Lemma). If A € RP then for any polynomial n® there is a probabilistic polynomial-
time bounded TM M such that for any input = of length n,
o ifx € A then Pry(M(z,y) accepts) > w | - ‘\7;;5‘

o if x g A then Pry(M(z,y) accepts) = 0.

If A € BPP then for any polynomial n® there is a probabilistic polynomial-time bounded TM M such that
for any input = of length n,

e ifx € A then Pry(M(z,y) accepts) > 1 —g-n* , and é ﬁ’y (Mb‘»;‘j) f; A(m)) - «—}——:r

o ifz & A then Pry(M(z,y) accepts) < 2-"".
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An Arithmetic Circuit C (with unspecified inputs) is a sequence of assignments Aj, Ay, ... A, where
each A; is of one of the following forms.

P; =1, iis an integer
P, =7

Py =P;x P, j,k<i
Py =Pj+ Py, jk<i

where each P; is a variable that appears on the left-hand side in only A;. For an assignment a that maps
unspecified inputs to an integer, let C% be the circuit that results from replacing the line P; =? by P; = a(F})
and its value is the value assigned to variable P, in the last line.
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Proposition 3. The arithmetic circuit value problem is giwen an arithmetic circuit C and an assignment

a, determine if the value of C* is 0. The arithmetic circuit value problem is in RP. f, -7
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Proposition 4. The polynomial identity testing problem is given an arithmetic circuit C, determine if
for every assignment a, the value of C* is 0. The polynomial identity testing problem is in RP.

Lemma 5 (Schwartz-Zippel). Let p(z1, s, . .. Tm) be a polynomial of degree < d and S be any finite set of
integers. Then

H(a1,a2,...am) € S™ | p(a1,as, . am) = 0} < d|S|™ 1






