LECTURE 14: SAvVITCH’S THEOREM

Date: October 10, 2023.

Time and Space Bounds: Let T:N — N and S : N — N be functions.

* A (deterministic/nondeterministic) Turing machine M is said to run in time T(n) (or is T'(n) time
bounded) if on all inputs z, all computations of M on z take at most T(|z|) steps before halting.

* A(deterministic/nondeterministic) TuringmachineM is said to runs in space S(n) (or is S(n) space
bounded) if on all inputs z, all computations of M on z use at most S(|z|) worktape cells.

Time/Space Classes:

DTIME(T (n)) = {L(M) | M is a DTM running in time 7'(n)}
NTIME(T'(n)) = {L(M) | M is a NTM running in time 7T'(n)}
DSPACE(S(n)) = {L(M) | M is a DTM running in space S(n)}
NSPACE(S(n)) = {L(M) | M is a NTM running in space S(n)}

If A is a collection of problems then co-A = {L | T € A}.

Theorem 1 (Linear Speedup/Compression). For T(n) > n +1 and any constant ¢ > 1

DTIME(cT(n)) € DTIME(T(n))
NTIME(cT(n)) € NTIME(T(n))
DSPACE(cS(n)) € DSPACE(S(n))
NSPACE(cS(n)) C NSPACE(S(n))

Order Notation: f(n) = O(g(n)) if there are constants ¢, ng such that for all n > ny, f(n) <cg(n). g(n)
is said to be an asymptotic upper bound of f(n). f(n) = Q(g(n)) if there are constants ¢,ng such that
for all n > ng, f(n) = cg(n). g(n) is said to be an asymptotic lower bound of f(n).
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Lemma 2. The following containments hold. ‘
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Lemma 3. For S(n) > logn, NSPACE(S(n)) C DTIME(20(S(™)),
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Theorem 4 (Savitch). Let S(n) > logn. Then NSPACE(S(n)) C DSPACE(S(n)?).
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Common Complexity Classes:

L = DSPACE(logn) NL = NSPACE(log n)

P = DTIME(nOM) NP = NTIME(nP®)

PSPACE = DSPACE(n°M) NPSPACE = NSPACE(n°®)

EXP = DTIME(2""") NEXP = NTIME(2""")

EXPSPACE = DSPACE(2"”"”)  NEXPSPACE = NSPACE(2»"")

Time Constructible Functions: A function 7' : N — N is said to be time constructible if T(n) > n and
there is a Turing machine M such that M on input z, outputs a string of length T'(|z|) in time T(|z]).

Space Constructible Functions: A function S : N — N is said to be space constructible if there is a
Turing machine M such that M on input z, outputs a string of length S(|z|) in space S (|z]).

Proposition 5 (Universal Simulation). For any time constructible function T, there is a Turing machine
U such that U runs in time O(T(n)logT(n)) and L(U) = {(M,z) | M accepts = in time T(|z])}.

For any space constructible function S, there is a Turing machine U such that U runs in space O(S(n)) and
L(U) = {(M,z) | M accepts = in space S(|z|)}.

Theorem 6 (Space Hierarchy). If S,5’ are space constructible functions such that S(n) = o(S'(n)) then
DSPACE(S(n)) € DSPACE(S'(n)).



