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LECTURE 12: ORACLE TURING MACHINES AND ARITHMETIC
HIERARCHY

Date: October 3, 2023.

Oracle Turing Machine is a 2-tape Turing machine M = (Q,%,T,F, U, 4, s,t,r). The first tape is the
regular tape of the Turing machine which initially holds the input, and the machine can read /write from.
The second tape is called the query tape. The Oracle Turing machine also has 3 special states — the query
state g7, and the answer states gyes and gno.

An oracle Turing machine is executed with a language B; B is said to be the oracle. The machine M
executed with oracle B is denoted as MZ. Such a machine proceeds like a normal (2-tape) Turing machine,
until it reaches the query state g7. Let = be the string written on its query tape at this point. In the next
step, M moves to state Qyes if € B, and to state gno if ¢ B. The computation of M then proceeds as
normal, until the next point in time when it reaches the query state go. This process keeps repeating until
the machine halts in ¢ or 7.

Definition 1. Given a language B, LA w AL CM"W) ‘&) Av R ()L@c) v
 Aisrecursively enumerable in B if there is an oracle Turing machine M such that A = L(M5).

o Ais recursive in B if there is a total oracle Turing machine M such that A = L(ME). When A is
recursive in B, we also say that A Turing reduces to B, and is denoted as A <p B.

Proposition 1. If A <r B and B <7 C then A <p C. c
It ™ M, 2t A=LIM®) . FWL ™ M, st B= LUV\L>
Grol: Deoga Tl ™ M st A= L(MS) .

M. Bua M, M\o(v\rpxmx;uw M, nskas mcy\,\u:j: ’j/’ w\/u man M,

& oanawer Uk Gpoarg
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Arithmetic Hierarchy is a hierarchy of classes inductively defined as follows.
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Proposition 5. Prove that A € RE iff there is a recursive relation R such that A = {z | Jy. R(z,y)}.
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Theorem 6. 1. A set A € X0 iff there is a recursive relation R such that
A={z|IyiVy23ys - QunR(Z,Y1,Y2, ... Un)}
where Q =3 if n is odd, and Q =V if n is even.
2. A set A €TI0 iff there is a recursive relation R such that
A ={z|Yy13y2Yys - QunR(T,y1,92,- - Yn)}
where Q@ =V if n is odd, and Q = 3 if n is even.



Problem 1. Prove that EMPTY = {(M) | L(M) = 0} € I19.

Ned o fresowice peladum R 5. EMP““"E%\%ﬂ R 9§

KA@%@@@W R = EC%J‘J/*’)I thwmu‘ffzj ufdew ES%}
rebmery Y tydt Rlvyy)
X <y,¢7 @(1,\_1,40

Problem 2. Prove that TOTAL = {(M) | M is total} € TI3.
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Problem 3. Prove that FIN = {(M) | L(M) is finite} € X9.

Problem 4. Prove that COF = {(M) | L(M) is cofinite} € X9.

Theorem 7. The arithmetic hierarchy is strict. That is, for every n, (a) $2 and TI% are incomparable with
respect to set inclusion, (b) £ UTIS C AD .



Definition 2. A language A is C-hard, for a class C of languages, with respect to <, if for every B € C,
B <,, A. And A is C-complete if A € C and A is C-hard.

Proposition 8. 1. EMPTY 4s I19-complete.
2. TOTAL is I13-complete.
3. FIN is 33-complete.
4. COF is %3-complete.




