LECTURE 10: DIAGONALIZATION, UNDECIDABILITY, AND REDUCTIONS

Date: September 21, 2023.

Recap: Recall the following concepts related to a Turing machine M.
o L(M) = {z | M accepts =}
e M is total if it halts on all inputs.

* M recognizes/accepts L if L(M) = L. A language L is recursively enumerable (RE) if there is
aTM M such that L = L(M).

M decides L if L(M) = L and M is total. A language L is decidable/recursive (REC) if there is
some TM M that decides L.

Every object (graphs, programs, etc.) can be encoded as a binary string. The encoding of an object
O will be denoted as (O).

— Encoding of TM M is (M)
— For a binary string x, M, denotes the TM M whose encoding is z, i.e., (M) =z

Theorem 1. The universal TM U recognizes the language MP = {(M)#(z) |z e L(M)}& RE.

Computable Functions: A function f : ¥* — ©* is computable if there is total TM M such that on
input z, M halts with f(z) written on its tape.

Reductions: For 4, B C ¥*, we say A many-one reduces to B (denoted A <,, B) if there is a computable
function f : ¥* — 3* such that
ze Aiff f(z) € B.

We often drop “many-one” and just say A reduces to B.

Important Decision Problems:
o K= {{(M)|(M)eL(M)}
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MP = {(Mz) | = € L))

HP = {(M4#) | M halts on z}
EMPTY = {(M) | L(M) = 0}

FIN = {(M) | L(M) is a finite set}



Proposition 2. If L is decidable/recursive then L is also decidable.
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Proposition 3. L is decidable if and only if L and L are recursively enumerable.
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Proposition 5. If A <,, B and B is recurszvely enumerable (recursive) then A is recursively enumerable
(recursive).
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Proposition 7. IfA <,, B then A <,, B.
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Problem 1. Prove that K <,,, MP. Is MP decidable?
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Problem 2. Prove that MP <,,, HP. Is HP decidable?
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Problem 3. Prove that K <,, EMPTY.

Problem 4. Prove that K <,, FIN and K <,, FIN.



