LECTURE 7: PUSHDOWN AUTOMATA AND CONTEXT FREE LANGUAGES

Date: September 12, 2023.

Proposition 1. The following languages are not contezt-free: Lonpnen = {a™b"c™|n > 0} and A {ww|w €

{0,137}
Proposition 2. Context-free languages are not closed under complementation or intersection.
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(Nondeterministic) Pushdown Automaton (PDA): Like an NFA with e-transitions, except it has an
stack/pushdown store in which it can record an unbounded amount of information. Formally, a PDA is

=(Q,%,T,4,s, L, F) where (——o'l\!‘\b“i
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e () is the (finite) set of states, ’C\ —>
e 3 is the input alphabet, 3&5'3 < \,_i
e T'is the stack alphabet, ( j
-
e 0:(Qx(ZU{e}) xT) x (Q x I') is the transition relation, STacks p)
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e 5 € ( is the start state, ) Reod an M
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e | €I is the initial stack symbol, (0 B ‘l onTh N TSN S (2373 y; {
e [' C @ is the set of final states. Z’W"’\ A b“"‘luh < Né%_ﬂ .

If ((p,a, A), (g, B1 Bz - -+ B)) € 6 then it means that when M is in state p, reading symbol a € X (or choosing
not to read any input symbol if a = €), with A on top of its stack, it could choose to pop A from the stack,
change state to ¢, and push By Bs - - By on the stack (with By being pushed first and B last).

A configuration of M is an element (¢, w,a) € Q x X* x I'* describing the current state (g), the input
remaining to be processed (w with the leftmost symbol being the next one to be read), and current stack
contents (o with the leftmost symbol being the top). The initial/start configuration on input z is

(s,x,L). The next configuration relation, %, which describes a step of M, is defined as follows.

e If ((p,a,A),(g,7)) € 6 (a € X) then for any y € =* and S € T'*, (p, ay, AB) ﬁ (a,9,78).
o If ((p,€,A),(g,7)) € 0 (@A) then for any y € 5* and S € T*, (p,y, AB) # (2,9,78)-

Taking T’;& to be reflexive, transitive closure of i), we can define L(M) = {z € ¥* |3y € T*, ¢ €
F. (s,3,1) — (¢,6,7)}-



Problem 1. Consider the PDA M = ({q,q¢,t},{0,1},{L,0,1},6,q;, L, {t}). Describe computations of M
on 1100, 101 and 1001. a.b— ab e
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Theorem 3. If L is a context-free language then there is a PDA M such that L(M) = L.
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