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LECTURE 5: CONTEXT-FREE LANGUAGES

Date: September 5, 2023.

Context-free Grammar (CFG) is G = (N, %, P, S) where

® N is a finite set whose elements are called variables/non-terminals
e Y. is a finite set whose elements are called terminals
e P is a finite set of production rules of the form A — w, where A € N and w € (£ U N)*

e S € N is the starting non-terminal

For such a grammar we have the following definitions.
1. For z,y,z € (XUN)* and A € N, we say zAz é) zyz (“zyz can be derived from zAz in one step”) if
A — y is a rule of G.
2. For z,z € (XU N)* we say = %) z (“z can be derived from z in zero or more steps”) if either z = z,

or there exists y € (¥ U N)* such that z —é—) y and y %) z (inductively).
3. Forwe (EUN)* L(w) ={z e X |w é):c}

4. The language defined by grammar G is L(G) = L(9).

5. A language L C ¥* is context-free if there is a grammar G such that L = L(G).

Parse Tree for a string w € £* in grammar G is a labeled, rooted, ordered tree where

o Hach leaf is labeled by either € or a symbol in 3. Concatenating these in order from left to right yields
the string w. / (‘& -

vvﬁ::u\w AT AT 7SV .

e Each intgﬁlal node is labeled with a non-terminal.

e If an interior node is labeled by A with children labeled by X1, X5, ... X} (in order from left to right),
then A — X X5 .- X, must be a rule in G.

Proposition 1. Let G = (N, %, P,S) be a CFG. A string w has a parse tree with root labeled A € N iff
A —;> w.

Ambiguity: A CFG G = (N, %, P,S) is said to be ambiguous if there is a string w € ¥* such that there
are two different parse trees for w with root labeled S.

G is unambiguous if it is not ambiguous.



Problem 1. Consider the CFG G = ({3,Y}, {a,b}, P, S) where P is the set of rules

S aSh|bY | Ya
Y = bY |aY |

1. Which of the following strings are in L(G): aabb, aabbb, aabaab?

- x
S ‘70\9"’ q) AX Sbb —6—1—9 hob b éF LU‘;) (d
g 7 alb —(ﬁumgb —E—‘)(]\A bNbb -9 o\U\L'nb e L G{)

s 7 A8k 5 s o Yol 2 mm » oabYab -ahamimtbw
() AA b A c )

2. Draw a parse tree for the string aabaab with root labeled S. s
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Problem 2. Gexp = ({E,I,N}, {a,b,0,1,(,), +, %, —}, P, E) where P is

E—-I|N|E+E|ExE|(E)
I—alb|Ia|lb
N—=0|1|NO|N1| —=N| +N
Draw a parse tree for a + b * a.
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Problem 3. Design a CFG for the language {a’b? | j > 2i}. 2 5} b

G=(3s%, fab3, P, <) jwo
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Proposition 2. Let A, B C ©* be context-free languages and let b : ¥ — T* be a homomorphism. Then the
following languages are also context free: AU B, AB, A*, and h(A) ’

G, = (N, Z, 7,80 Gp= (M2 E,7,,5)
A= LLR) B = L&y
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