LECTURE 4: CLOSURE PROPERTIES, NON-REGULARITY AND
MYHILL-NERODE THEOREM

Date: August 31, 2023.

Homomorphism: A function h : £* — T is a homomorphism if and only if h(e) = ¢, and for every
z,y € 3%, h(zy) = h(z)h(y).

Proposition 1. Consider homomorphisms hy,hy :"¥* — I*. hy = hs if and only if for all a € %,

hi(a) = ha(a).

Homomorphic and Inverse Homomorphic Images: Let h : &* — I'* be a homomorphism, 4 C 3*,

and B C I'*. Then,
h(A) = {h(w) |w € A}
h=!(B) = {w | h(w) € B}

Theorem 2. Regular languages are closed under both homomorphic and inverse homomorphic images.
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Proposition 3. For a language L, let suffix(L) = {v | Ju. uv € L}. If a language L is regular the suffix(L)

1s also regular. LC g wﬁ(ﬁ( U’)
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Last k symbols: For a string w € £*, last,(w) is the last k symbols in the string w. This can be formally

defined as
lasty(w) = w if lw| <k
k Tl v if w=wuv where u € 2* and v € ©F
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Problem 1. Show that any DFA recognizing CWM W e i d ‘zd

Ly = {w € {0,1}" | last,(w) = 1u where u € {0,1}*"1} ") \}U’ {) ™
has at least 2% states.
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Language Congruence: For any language I C ©*, let =, C I* x ©* be the relation defined as

r=pyifvVeeX . zz2e L« yze L

)

Fooling Set for a language L C * is a set F' C * such that for every x,y € F, if x # y then z#,y. Or
for every z,y € F, if x # y then there is a z such that [{zz,yz} N L|=1.

Proposition 4. If F' is a fooling set for L then any DFA recognizing L must have at least |F| states.

Problem 2. Prove that Loni, = {0717 | n > 0} is not regular.
B= %,V‘”/i“ \iﬁ‘\ 0\ so\br%/w\gv w = Blo ylﬂa(/w?ﬁ U\)g
OlO — (O O\ 4%4'(/v/\-3 :mlomﬁLAﬁ\vj B .
OlD( Lo
Fad o w\é—wu;(x, S\;i)/ul ALG’U{AV Méﬁ’\/ Lemh.
F= 0 lizek = $08" = L(of)
%ﬁww (,5'; mjﬂ; ‘é_F‘, w¥ be}) .
Tohe w1t AWz 01 Login , vWE oY ¢ Longn

Problem 3. Prove that the language A = {uv | [u| = |v| and u # v} is not regular.
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Proposition 5. For any language L, =1, is a congruence.
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Equivalence Classes: For an equivalence relation =C A x A, the equivalence class of a € A is the set
[al= ={be A|la=1b}.
1. Equivalence classes of = form a partition of A. That is, for any a,b € A, either [a]l= = [b]= or
[al=N b= =0.

2. The index of equivalence relation = is the number of equivalence classes, i.e.,

#(=) = {lal=|a € A}].
Theorem 6 (Myhill-Nerode). A language L is regular if and only if #(=1) is finite.
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