LECTURE 3: KLEENE’S THEOREM AND CLOSURE PROPERTIES

Date: August 29, 2023.

Theorem 1. For any two DFAs, M and Mg,rthere is a DFA M such that L(M) = L(M;) UL(M,).
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NFA with e-transitions is a NFA that can take change its state without reading an input symbol. Tran-
sitions taken without reading an input symbol are called “e-transitions”. Formally, it is a tuple N =
(@Q,2,A,S,F) where Q, X, S, and F are the states, input alphabet, set of start states and final states (as
for NFAs) and the transition function A : Q x (T U {e}) — 2.
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A run of N on input z is t:ﬂ&;:aﬁam:ﬁ, a sequence of states qo,q1,...g, such that (a)

a; € BU{e} for each 4, (b) z = ajas - ayn, (c) o € S, and (d) gj41 € A(gs, a;) for every ¢ > 0. An accepting
run is one where ¢, € F. And an input z is accepted if N has some accepting run on z. L(N) is the
collection of all strings accepted by N.

Theorem 2. For every NFA with e-transitions N, there is an NEA M such that L(N)=L(M).



Theorem 3. For any two NFAs My, M,

1. there is an NFA with e-transitions N such that L(N) = L(M;)L(M3), and
2. there is an NFA with e-transitions N such that L(N) = (L(My))*.
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Theorem 4 (Kleene). A language is regular if and only if it is recognized by a DFA (NFA, UFA, 2DFA ).
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Homomorphism: A function A : £* — I'* is a homomorphism if and only if h(e) = €, and for every
z,y € ¥*, h(zy) = h(z)h(y). —> -

Proposition 5. Consider homomorphisms hi,hy : ©* — T*. hy = hy if and only if for all a € %,
hl(a) = hg(a),
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Homomorphic and Inverse Homomorphic Images: Let h : &* — I'* be a homomorphism, 4 C 2*,
and B C I'*. Then,

h(A) = {h(w) |w € A}
h~Y(B) = {w | h(w) € B}

Example: Let ¥ = {0,1} and ¥ = {0,1}. Consider homomorphisms unbar and rembar defined as
unbar(0) =0  unbar(1) =1 unbar(0) =0 unbar(T) = 3—0/‘ 0! g —’2%0,@
rembar(0) =0 rembar(1) =1 rembar(0) =€ rembar(T)

1. unbar(1010) = 1p [ © rembar(1010) = |
2. unbar(S*IIs*) = S \\ﬁ_"‘ rembar(2*112*) = 2*
3. unbar™!({10}) = I\/-) /—;0, (—(; ( \O z

4. rembar~({10}) = i"‘l —2--*0 "i'k

Theorem 6. Regular languages are closed under both homomorphic and inverse homomorphic images.
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