LECTURE 10 ( September 36")

Toil  Tnequaldies
7

RECAP  Llast tme. yve Showed vandomized b{nqv)/ search trees /frca}:s savl:l‘sf/
E [ deﬁh(ﬂ] = O[(og h) ¥ nodes 7
So, search u other opevations take Olog n) expected time

This also me{('cd that vandomized quicksort  yuns n O(hlog n)expeded time

Toda/l/ we are poing” o prove Yhat +hese gatements  hold  with hl‘g}w 'Pmbqb)'}iy

Tail Jhe_qLuau‘ﬂ&S Suppase.  -the distribution of ouv vontime looks Lke
Pr
'-‘ This is called the tail of-the
. distrdbytion
j /77 ‘
a’ame

E ['H"E] 10 n Log' n

2h logn

We want to find P[ ron tive > onlogn] for example

fov e_mm?le , i-f the taul decays lke a OGaussian, #hen it Aeca)rs
SUpRY cxpomnﬂ'ql v thes Yvobqbi}ft7 vould be Small

Bot the tail behavior dePenCIs on the dictribution which will not
be. Gaussian ]Cor Ovr QPP[{'thr‘on,s‘

What we ave going to Y&[y on s tme fact that ovr vandom
vaviables can be wwten as

X: Ko+ Xat -
And Whab we want to hound , for instance

P{Y %« ELX)) ¢ 7



Main message. If the vandom vavables X, s are L'ndefehc(cht , e geﬁ
& very sharp il (neqoality

In geneval, the move (ndependent X:'s are the beter 4acl bond
we optain

Markov's  Thequality If Z is a non-negutve (nteger vandom varable | then

IP[ 2.7:72—1 < [E[‘EZ} _ ) <— Mmeah 67 QXPed:Qd value,
—z  z

? | ‘ ‘ ¢
Pl2>2] @ The inequality holds fov bon-Integer

vandom variables as  well

[
height §

\\
P[2>2+1)-Bl2>2]

= PL%;-EJ 1 \‘ﬁzvi —t v '\ ;‘Yezl lo‘r' A 2

—
4

vevtical re_r_targle_s
Total Area = 2 P[2227
z

= 22 PR=2]) = E[Z]
2 —

Avea of hovuzontal racéan&oﬂe

We clam that Total Aven > 2. P2>2]
-

l = Area of red shacled 're_cﬁahg’ie.

2-l

=0

é@[an] Z Plz2) > %Z_fr’[z—,?%’j 7 2-P[272]

Thevefore. ,We  obtain E2] 72 P(272] For any 2

o, P[zr»«E[2)] < E[Z] .1
« 2] ol

Recal| that v quicksort , [E [von time] £ ‘In-IOgn

So, P[] von time > 8n|og—n] < 1—1

o P Tyuntime >n° ‘Ogn] < 4nlogn < 4

—

A3 n

So, we only pet weak tail bounds ,but 4hat’s understandable because
We haven't made  any assumptions  on the random variable apart from
nor\-hega—l:'l\l'rl:)/



T geb stronger il bownds , we meed move asumphibns [e.g- ndependence
Recall that X & Y ave [hdefendent Yapdom varables
P [X=x o Y=y] = P[X=x] -Plyz]
or equivalently, P [X=x 1Y=y] = P [X=x]

This aleo 'mell'es that IE[XYJ =g(]) EV)
& that f0O & {(y) are alo inc(C})ehdeht for any fonction f

Sim},lavly, Xi,... Xn ave —full): (or mt)’L’uaUy) l'hclePe_hdehT ;f
Pl Xy Xpo%, = Yo ) =TT POX=x)
A weaker notion of [ndePendehce that (s sometimes usefol for Q]’)D/I\C"Qﬁbh.f
(s k-wise independence
Y. X are k-wise independent f every subset of Qize K is folly

indeFendent

Exam]g(e Soﬂ)ose X,, X, €{o1} are Lhdepenclen’c vYandom bits [P[)(,:o]=-LP[)((=1]='/Z
L Seme for X,
et ¥, = X, © %

Then (%, , X, ,%;) ae 2-wise (ako called Pairwise) ihdcfmden'b

Pairwise inde})endence imPLl'es a strongev tail bound

T parkicolar , leb X, = zx whete  X: € fo1} , EQY) = Plt=1] =p;
b u= E[X] = éu;

then , we have the followihg’ stronger ta(l bound

-— e e ——— e —

Chebyshey ’s Inequat@/ P[ (X-w)* »+] = E\_‘_E_[(X_'Uﬂ { «—— This s called

} + the. voavahce
TBI‘S ‘]CO”OWS ‘{mm MaYkO\"S intq/l/ql('t)/ O:l: X C(C—hoth
QYPl"Ed £0 the non-hega-);;ve yandom . Var [X)

variable (X-a)*

If Xi,..X, are pairwise (ndependence , then Var [x] =



n n )
Proof  Let Y;= X-pi & Y= TV = A - Zp = X-u

Note that E[Y;]= E[Y] =0
B [(x-w'] = E(V?] = 2 E[VY]

A
Second moment of Y —T

I

E[y.,"] + %J ELY Y]

L \-—ﬂ/—-

= EBLY)ELY]
(by paj rwise

, L'nc'cpendence)
= ZEN]+ Z EEYC;)]-ltszJ

L) y;l:{(-p;)z with prob. 1- P.
(1-p)* with prob Py

)
=.
~
(S
IN
— M
o

What does +his bweq,ualﬂ}/ say abovt P[ X> (|+<SMJ < _l?[ (X~u)>/(5u)]

< ECX--U)L ¢ 1

sTu2 8%

For quicksovt | w= 4Anlogn | let &-—% , then we get -that

ﬂ?[ Yuhtime 2 En_[oéovn:) < 1

nIOg h

Thos, if the vandom waridbles were pairvise independence, B [yuntine 75nlaph]

— 0 a8 N =2
This (s not comPle{el)/ saﬁschfcor\/, we would ke 40 have even shar)per tai] bounds

Ahd also vandom varables q?})mﬂ'ng ih the quick vt analysis are not Pairwrse
Cnc{ePendmce (without being more careful ) so we can't we ths directly

Bot for mahy applications | this bound is good enough

There is also a boond in the other directon ]P[XS ((-J)-a] <31

&




What  everything is fully independent ¥ “Then ,we haw the followino- ex,oonanbh/ moment  bound

Exponentral Moment InquUQll.f}/ If X,.--X are fu”}/ l'ndePeJ\dehi' , then

, (-1t
E[2¥] £ e w iy geheral, E[«X) < e fov ahy o721

I you vely on mfsgm'decl imturtion,  you m%rht' thnk that
E {2)(] = 2N This (s not Arue

The above is nol trve i geneval, bub If X,.. % are independent , somethipp dase
Is frue as showh by the exyonehtl'al moment L'ntciuallﬂ/

Proof ( of Exyonentl‘a| Moment Evequablby) can be found 1nh the lectore notes

Conse,q,oe,nces of the Exponenﬁ‘al Moment _T_neqluqlt'éy

P[X» 2Ex])] £ " - ()" = 1 4>, e
2 1 this de cays exFoneh'h‘aﬂ)/

y 2 LX) Since (2_—) <1

Why? P(x 22E[x]) = P[2” >2 J
< [E[ZX] < et
Markev's Zneq/uah‘iy__} g 2U Lpfﬂ
for 2% By exponental moment
Cheq/ualiy

If we do further manpolations (which can be found i the lectwre hotes), we get

4 ! :
P(X?» ()] < (3‘2)%) < &M i seral]
+

> Similar {neq/ualllfy holds for X < ((=S)u

~ meah

Main messape P[ X > lle above s mean ] < e

- _4nl ,
For example, P{X72u] se™ < ¢ i for quicksort

let's see how o use the exponential tail bounds , which ave also called
Che_vnaff bounds 5 1o ahal}/ae {quFs



Recall that in the last lecture , we Showed that If we (hserk keys into q 'ércq}’
With vandom Pn'm'tfes, then

h
E [deplh (k)] = 2 P[]
I \/"; L (S @ PYOPQY anES%OY Of k

let X=deptnlk) , then note that X= & X

where X = {1‘ otk
C otherwise

“Thus, the depth can ke written as sum of indicator vandom variables
We now shou the :fo”Olehg claim :

| Claim| ~ For any hode k., XXy, X, are mu{-uqll/ Chde)amderrt
and ><|<Jrl -2 Xy ave mutua”)/ l'hdefenc(ent’

Proof Follows ]l‘rom a careﬂl induckion which shows +that

B X, o X ) = P(X o) Pl Pl hein)
b simlarly for X, ,. .- %
(Com be founal (h the lecture no’ces)

N ote The vandom vaviables (n the £wo diferent frops mqybe def)endeﬂi'
For emm])le,

X, & Xy may be dependent i 1<k<m
So, we a@nnot use ChemoﬁC bouvnds dfrECH)/

So, let us writke X= S X+ X + 2 X

q/way_s 0 Shee k 1¢ never

a proper ancestor of k

We showed [ast time that E[X] £ A4logn

Qo, fPfXB 51‘0th < [‘E’[qu 7 Slogh:‘

or

Sine X2 Slogn X 7 Slogrn
= x> Slgo J

or Xop 3 slogn



£ E[xq 7 Slogn ] 4—4&’()@,< ” 5‘(oér n]

vnion  bounad 3 T T
PlAvB)< P(A)+ B(E] Sum of mutually Som of rutually
indeF{ndent yandom indepmdent yondom
vaviables with vaviables with
'E[YOJ £ (Ogn ]E[')QK}S. ’%rn
| -c (Slogn)
AFY'Y‘”K Cherno-h’- bounds | we pet both ave at most e fz:n Si:’:zc

Caveful cornFutatl'Dns of the wnstant give us a bovund of fz‘-‘s

Ths, (P[depth(K) 7 Sbgn] S hZ—Z__S
By onion bound ovev all h nodes, we also get that
P Idepr @:YQqF) > 5(0g’h]

= _(P[c{e’:th(l) Y S(Og'h or dep'th(z)D, S[Og-n]
"""" or de]D’H)[h) 7 Slogn

IN

n- 2 < 1 —> 0 s h=> oo

Thus . vadh high P‘robab&'/{;i/, FaXimom deFH'» (S 0(log n)
and 4l treqp opevatons fake O(log n ) time



