LECTURE # ( September 6")

Move Probabldy & Randomized Alporithms

RECAP  Equality Testing Given two bLnaV)/ vectors W,V E 017"

Decide If they ave egual or not

Only oPeraj;t'an that ¢s allowed : DOTPROPUCT (a,b) — Time B(h)

take dot product (mod 2) of any twp bina7 vectors a, b e $0,3"
i.e. output (S

<a,b> mad 2 = iac bb (mod 2_) = i t f <Q|b7 (1Y OdC{

N——r/

= %a;b; O ofw
i

M coordinate

1’ : .
Deterrunistically  Let e;= [00-~10---0] be -the th-standard bascs vector

Invoking DOTPRODUCT (ue;) for i=1 to n , tells us what U or v us
Time = O(n-B(n))

ﬂlgon’:l:hhl « Puick a random vector v € f0:|3h

o If U, rY =<, Y>) mod 2 | Hen output EQUAL
- Else output NOT EQUAL

Theovemn Pl Algm&hm errs | S

L ad is rurming' time (s O(n+ B(n)
z

k’—v'—-d
obvious

Proof Algorithm on))/ ervs of UV

Suppose U and v ahffer on the last bit ¢ u, #V,

h-
Then, <urd= Zur + WU,

=
ol

h-1i

VYD = v+,
]
\L_—\/-‘

R

Now , there ave two cases

«#B modz wpl w=0,5 <¢MIEYr
2

°<=§ mod 2.

d
W.P. >

m=1, So uy2#E V2

“Thus, P[ Algov\“bhm e:rvs] £1 <" TIhis is not very small
=2

Can we make 1t £ 8°¢



Re_peﬁtion/ Amphlﬁcat\‘on Tk  Run the alg'oﬂ"thm t= flog' 18‘--1 times indepcnden'tly
If any execotion says NOT EQUAL =3 oubput NOT EQUAL
ofw = autput EQUAL

Agai,h, algon"lhm ohly ers i UV,

IP[Algoréuqm Ur_q‘] = IP[ all o iteration vetorn EQUAL]

5 v Tegd

eI

1 = 2 56
2

Rontime s now O((n+ BCr\?)logi)
8

’)Es’u’m Matrix Procluct Given Boolean matrices BC,D € O,IZM
decide f BC = D (mod 2)

Matrix Moltiplication takes O(’hz"g"") Hme
Randomness allows os 40 do it in foughly o(n “) time.

Algorihm Toke a vandom Boolean vector y e 40,13

Compute Dr = y Matrix- vector D‘IU"bl-P[l'Caﬁjn

(o ) .
mod 2 Takes OM*) +time

© Compute  BCv = B(Cr)=x
C\'f\ao‘ )

If x#y, return NOT EQUAL o/w vetyrn EQUAL

Evror Analysis If BC=I)) = algor&hm 5 always covrect
" (mod 2

If 8C#D = algorittm may fail
(mod. 2) What is the ‘PYObClb\w:}/ O'f' :ﬁ]l.[UVE ?

th

Assime i vow of BC and D ave not equal

ety = ™ vow of BC . Then, u#U by assumption
v= *h vow of D

By Prevfou_s letnmg, |, IP[<u‘r7 mod 2 = <V,Y) mod 1] =1
2

Se, P[Afal] = %—.

We can make the err ot most g , b)/ Yepeabl'ng IOE j/g Hmes



Random Variable

A vandom varidble s a fonction X2 — V
L valve  set

Eg. if V=2, X is a random integer
V= {013, X & a vandom bd
V=gvaph, X & a vandom gvaph

We wnbe P[X:=%] or P[Xsx] or PL[X=Y] +o denote events
obovt vandom vamables

E;(Ped'a:hbn For veal/ COm):lﬁX/VEIJ:OY valved vandem va»able X

E(x]= Z=x B[X=2] Ep. X=valve of elx]= 2
x 2

vandom dice

Note.  Random Varcables over infinr'ée_ sample paces (eg- Integers) may
not have f;‘ni—te exfectation:

Condttional Given an event  , the conditional eXPechq-an of X gwen A s
Expectation

E[XMA])= Sx P[Xex A]
Elx] = E[XIA] PfA] + E[X[~A]) PRA]

E[x]= 2 E[X V] Plyy) = €[E[X1Y]]

Indeperdence  Two random vonables X and Y ar ndependert i forall x,y:
the events X=x and Y=)' are. l'ndependen‘l'

If Xand Y are independent , hen E[xy]= EX]- E[Y]
Simlarly, i ¥,...¥%, are folly irdependent . then

IE[’(R'XL] = fl‘}‘Efo

=

—p may be depandent
Linearsty For any vandom voriables X,..X & reals . ...

€] 2 ()]~ Zo EX]



Example  Toss incle;:endent coihs where cach coin comes yp heads wp. pe [0)]
Count [E [# heads ]

X; = { 0 i con & tale pnd E[X )=p
1 ’jc cotn Is heads

Le'b X = _g:xl..

ElX]= E[é’&-]—- 2 E[X] = np

=/

Example Toss inc(efende;wt coins where each coin comes gp heads wp. pe [0)]
How many Aflips untl first head 7

e [ flips) = E[#dips | e fip is| Plfict S [
H/—ic‘s/‘ - "S\(e“ 0

= 1 =¥
£ E[¥ fps | $et iy 35] Pt iy ]
tals s tails
——
= 1+ E[#fhps] = l-p

= p+ (-p)(1+ E[#£ips])
= E[#flps] = %

Sampling” o Fair Coin from a Biased Coin

Suppose yov have o. buased coin that comes vp heads with some unkhowh Fyobazﬁl'/r'i)/ P
Hoew cah you vse t 0 gel: a faiv coin toss 7

Von Nevmann jn 1951 came Up wni'h a si;ra-beg)/

* Flip the based coin twice

+ If reolts of the two flips ave differert , vetum the ﬁrst ohe
HT — veturn "Heads" , TH — return "Tauls"
o Otherwise re,’»ta{: ontil success

l/\lhy does this retvrn o fa}/ coin toss

.H T .

P{HT)= B[TH]= p(-p) LRl
7|2 F

Soy P[HWT | flips dff] : }

q—P-a(—l—P—)

= P(I-E) = &
2p(1-pP) z



How many fli)os do we teed ?

P[ each teration succeeds] = 21:0*?): g — How many times dos we heed to fiip
a biased coain ontil it comes up H 7

[ 4 times ontl syccess ] = L = _L
9 2p(1-p)

Note There are better alporithms i we know the valve of p

- " \ !
Eg P=%, ' /3 ovtput Heads f we see TH or HT
/ o &2_/ Tl f we see TT
3
1 J

las Vepas ve Monte Carlo Alporithms

So far vie have ceen 4wo clr:ﬁerehé 47}’65 af random 1 zed a/éraﬂ:t‘flhﬂ

Equalcty Testing Ris in a fired polynomial time but small Probabz7:%}/ of eror

Sarn/?ling— a Jfaif Com Runs n ex/Jec—l:cc( Poly—-tl)me bot z2erc-erns

The first type of algofithm is called Monte Grlo | whie the sewnd one is called a Las
Vegas al g rrthm

—

] Run time } Eryor

Monte Carfo / detenministic / }erbabc./i.s*tlb

Las Veg as ' Prababl'lift/‘c / deterministic



