LECTURE 12 ( Ochober 77')

EntYOFy & Dota Con'nPfess[on
7 !

Sunprisal  Suppose we have a brased con that womes Up heads
with Prgbabl}:’-ﬁ/ p that (s very small .

—~

Jf we toss the coin gnd zZ— omes u}: zédl?s , e
do mot leam much because & Js almost What we expect.
Bt i it comes op heads , we [earn a lot move.

Less liKc// eventsr qre. more \}\J%(ma’l:ive be cause i‘bey are
more sw})risfn(gr,

Let s Y o deﬁhe Qa ﬁnctrbn S which captures the
amount of SUr}m.‘Ce (n an event A

What are he properties such a function <shovld catisfy 7

1] S shold be a function of the Probabl‘l)'t/ of the event
So, we can wrte S(p) where Pe[o,lj s« P[A]

/

128 SCP) shovld decvease as P mcreases {nee  more llMy
cvents are less Saffrds:bg

B Sp) s a continuous  function of p sine we don't expect
the Surprise  vale to sualo(enl)/ jomp

4] For 4wo events A,B, total Surprise shovld be sum of ondvic ual

SUp rises :

S(P(A,B) = SiPR)) + S(P(B))

OR Stp,p,) = Stp) + Stp2) for pp. € o]

“Theorem | “The only funchion  satisfyg the above properties is  S(p) =logr L
P

Remark _lEc_hn\'call}/ the dase of the CCJE' can be chosen dYb;‘bran'l/v bit we
vl choose & 40 be 2 and meagure e J‘\)/]Jr’fsal n St

S(p) T




Suppose  we. have a_ randgm vanable X

EntroPy
Su'r):r(t'ce associabed whh the event X>x Is
1
S = = lo .
(P =) ‘ffn?ﬁ'bxll
Entvopy of X s the average Svfprise on l€a~/p;n‘§9’
the valve of X
H(X) = PlX=x] lp L _
; & P[X=x]
Besic properties of  Entropy
I HXK) 70 and HOK) =0 P X & deterministic

Suppose X= U,  ie. X is an ndicalor Variable for
an event A. Llet p= P[x=1] oand 1-p = PCx=0]

(sl

Then, HX) = f"“’g,: + (I-P)(o&y'ir; Where pe [0)1]

This (s called the binav)/ entropy  fun Céion H(/J) and (ooks (ke

7

H (p) 1

L oo — Moximom Qveroee .SWPYt'Se
for a vandom bt

Suppese X is unform oy f1,.. m 3, e IP[x=i]=ﬁ—m, i

“Then, .
H(X) = 2Z L em = lg m
(X Z = g 14
FACT  For any vandem vanoble over 31,...m3
H(X) = lOg m
Lo L)N‘fm’m distribokion over 1,-..m} has
the larger(: e.nbfo):)i.



Bl  Joint Ertropy  Given 4wo vomcdam vomables X &Y
| their  joint entvopy

1
PiXx, Y=yJ

HOX Y) = % PlX=K, Y=y ] log

;3_' f X S Unf:fo«m over {l,...rn}
and ¥ & onform over  {)..n3

Plx=x,Y=y] =
So, H(xY) = = L | = [ogr I
0, (X,V) - 6(9 N o ™
Obsave hat  H(X) = lopr m & H(Y) = lggn
HOXY) = HX) +H(Y)

for any pair of vandom vaviables
HOX,Y) < HIX) + HCY)

> Equality holds i X & ¥ are
LndePenc[aw’c

I XaY ae uxdePenden'l:,
PUX=x,Y=y] = PW=x)- PY-y]

= 108 1 -+ 108

Plxex]

= |o =
d Blx=x Y=y Bly=y ]

S C = P ) log = N
o, HOXY) f W"”]<8ﬂ—ijr 6'@[»'7])

- 5 Ples) WD i
2 Bl (JZM) 0 =y )

= HCX) +HCY)

In gﬁheml, for n indeyenden—b vandem vaviables

HOX e X)) = ROK) + -+ HOK)



Preft)t - free Ehcodl'n(e’

To onderstand wh)/ we care dbovk ehtYoDJ ard how 1t relates 4o dota com/‘JYeSSt‘On
let us consider the J%ching ?rdblern:

Suppose e have a long~ Segmeft of DNA that looks Lke AGCCATTAC ... CCGTA
How many brs do we need o vepresent 7

We can Encode A= 00, G=ol, C= 10, T= Il which uses 2 bitr per

(O

character L VT( | | These ave called codewords

But f we knew Somru;l'ng abot the statlb-titc of the Segoence , We can do

betler . for example,
probabihty  codeword  ehcoding lengrth

A 1/5 0 1
G /g 10 2
C Y3 110 3
T Yg 111 3

So, vie assipned Shorter codes b moe  freguent Symbos

The above s aq reﬁx-free code ,ie. , ho codeword & a
prefix of another codeword  These ave ey easy o decode
b)/ vcadirg loft o right.

For example, 06101101100 cowegfo‘nds to the sequence ,

What s the averqge Cade lenpth ,l.e. the prected number  Gf bits
we heed 1o encode each chavacter ?

—

;] = L 1 4+ 1 2 +1.3 4+ L.3
2 “ 8 2}
= 1f % = Zr% wWhich is bettey than 2 brls

per charqcter
let's also Comp Ute the entropy of the distrbution
HX) = % .long + % (0(77_4 + -_3—_[0(9L8 + L 10518

g 8

= 1.1 +L. 2 41.3+L 3= 2
2 4 : B 4

This ;s not a coiheldehe as we will See (h a send.



One Can wohder can we ge a smgller code . For eanr)ﬂe , considey

Lcngih

A 1h 0 1

G Hy 1 1

C /g 01 2

T /3 11 2
Eflenothl = L 2+ L .1 + 12 2+1 25 = 5
[‘gﬁ} 2 L 8 4

wWhich is a lot bedfer than the );rev)'owr scheme

Bt the catch s that this cde s not pood for seguences o3
information 7s flost

AT —— 0111

CGG — > 0111

A code (s called Um'c&de//v decodable If every seguence s mqpped +o
a disthet bt Yezz)Yes eniation

EVe{]' prefix- free code. 8 uni@ue{/ decodable usz'ngy the a/g’orr'ﬁvm above

Hoffman  Coding-

Sup)wm we have a source that OMEFW:S a Charoctey ]’mm a }Drobab/./:'i}/
distvipytion. For example

chavactey probabihby
A 1/
G Y4
C g
T Yg

How can we compress a lon Seguence of Characters Sam )cc/ fmm e
S0vrce ? f){ g e% P

One can also Ahink of t as o bandmysson ]Jrob/em:
Alice has e source . She Samples a  lone Seguence From toand warts

to send Bob a messape to canvey the seguence while sr:nd‘/'ngf w]"eu/
bits  as possible.



We will agsgme for Slbvfh'c('t/ that the Frobabz?fgl of each character
s a fawer of 2 ,ce. of the ﬁrm 27k fc‘;r Jome z'niege/ k20.

ﬁoj}’g - Ths s Just ]Qf Sf‘m}J}/‘cfvﬁ/v. The a/gonﬁ?m will vk more ém:ﬁera/b/.

characfer | probabihiby B
A /2
G 4
C Y3
T g

The following algorithm dve to Huffman Generates @ ?refix- free code -

* Cregte a tree with the leaves as the charackers. label the nodes by prababilitis
Take the two Smallest probabiliies and add a parert with |abel
the  Som of the two Pfobabt.ll'tl‘e: df ks children . |
° Repeat umtil e aw left nwith O nofe  with ;)roloab1117 1. Prs wilf
be the voot.
e Give the two edgres fmm each node a 0 N 1 label

The codeword for @ symbol corresponds to the O/1 (abel from
ool W that symba?, fov the abave

A— 0
6 — 10
c — 110
T — 111

This code s aJv\/@/Q Prcﬁx-frcc [V\fh)/?]

let’s  compute the expecﬁec( length of the wde. To See his wWe notrce
tWo ’chir}gs‘-

JEY every Probqbﬂfi/ s a power of two, then there pust be at least
tvo elements with the minimum /D)’obolbl'lr'ty (if minimum })mbab/l/'? <1)

The easlest er)/ o cee this is 0 whte fhe }Drobabzl//'t'és th
binq?'
l] = 1-000000

= 0
372 loooo0O
ﬁfq: O-010000
g = g-001000 @



If there (s onl)/ one element with minimum }mbab[/ﬁy (<1)
then when we add them up, We cah not et 1 as “the least
sl'gnljcl‘cant bt will vemaln 1.

The above means that when we create @ new node J))/ adct’/hg
the nodes writh the minimvm }:Yobab)/zy as chidren , the new
labe(s for the me»gmd nade will still” be a }UWer of o .

The  number of tmes theve will pe mevgre fro‘m o Ie_af nede
ont| we Nt 4he voot s exact}v K ¢ IPeraf ,,O,,(e] = o7k
Note +thgt here

k= bp, =
& P[leaf nade]

7Fereﬁra, the e)(Pect'eo( ZengH? qf‘ “Huﬁ‘mqn " code s exac-H)/

> PIX- Lo _‘L_.__ = H =
> [X=x] (7 v (X) entm)'))/ Qf X

If e Probab[h'tl‘es are. not 4 pover of o, then the lenpth i
atmost = H(X) +1 (dve to YOUndl'rgr Cj.ﬁfec{:s)

It tums ovt that 4his s ahnost Ofi'l'm«/ :

Shannon's  Sovrce Coding Thegrem

Fov an)/ un)gyg]}/ deCadqb/e (cde / EXPQC{,EO( [Q/’Kﬁ}h 2 'H(X)

So, Hyffman coc(fnéy s almost Opﬁmal vpto the L bit addrive
Juckor.  “That may not bok sjgnfiant but [ one has to encode
bil|jons Qf chavacters this starks +o matter.

For exarn})le, Soppose X is the souce {H,T? whee B[XzH]=14
HDEX;T7:3/Lf

The Huffman code needls 1 b, But the entrgpy Is
:;— log 4 + %‘("(922; = 0811 bits / symbl

This s 20 %+ smaller ond adids up ]6r (ong Seguences
How o get- grovnd this ?



We are interested in encocll'llf Segpen ces rather than
individual ~ chavacters. (opsicler codewords for pais of
chavacters , e-q.

T HH, HT , TH, 7T
Prob abi|ities 1 3 3

6 16 [ TA
Hoffman  Codeword  for each pair  has [engt—h
1.69 brbs  per two Symbols

So, per s)/mbol we heed 0-845 bibs which & Closer
to the cntro?)/.

I fact , we can encode a block of m- symbol topether
and get s close o entrop)/ as we want.

let's see @ pogf. Suppare we have X, .. X, ['c{ent/‘cq//)/
distribted as X and L'ndefenalehi.

—mcreﬁre, H()(,- )(h) = IZ:H(XL) = hH(X)

We generate a Huffman Code for the blick of n symbols
K- X by treating s a Super symbol

“The  expected lerxath of eh(adlh! +his super symbo! sabisfies
HOL- %) € Ellength | = HOXe X)) +1

So, the expected number of brts per cymbol is
HOG- Yy ) e Ellengh] £ HOXXG) 4 2

n h g4 h

= HX) 2 Ellaghh]l £ H(X) +1
h

R

As n— @  the epeeted length /per symbol poes o HCX).

Thus |, entrof)/ Gf X is the mipimum number of bis per foure s}zmlﬂol
on averape necessar to encode a Cegpence of Inde/)er)del'rl: and
identically” distriboted gmiols  from the urce.

Note: “Thic « alo a part ¢f Sharpon's <ource codt'ly theorem .



