Lecture 11 ( October Z"d)

Hashing

How do we design hash Fonctions  that work well 7

We have a vuvniverse 1l of obl)'e_cis that we want 4o store i a hash +able
We will take LUl to be the set of w-bt worde e,

U= fo,1,. 2"-1¢ = [2"] w- bt worels

We will also have o table T[0,...., m-1] where m=2% Thee @respond to

£-bit labts we want to hash to. "~ Net q big’ assum})bbn i practice

Then we have a hash Aunction that mqps elements o_le do O-hit abels

h: U — [m]

What we would ke ic that i e 0}’?7 the hash fonction +o tuo clg'ﬁ’ereni—

obecks in U, we get defferent labels” bt o we q};}&l the function 1o the
same val® v pet the same Jabel

his is im}:osrt‘ble,' So, collisions are inevitable !
There are some  standard Hhings that people suppest . for exam/o/e,

h(x) = | @dx ) mod m Where ¢ is e golden vatio

This (s uvsed as an cxample of @ fooc{ hash fonckion in Khoth's art of
com/'wi:e.r Fvogrqmw'hg' book. . The argyment he g)'ves s the fo/low;'ngz
Suppose we start hashing 0,1,2,3,.,5 wherle s € m-1 ,then the
humbers are Pu%: ih the dable as far as Tamb/e, j.e. , the S)nq”es),'éo'q/')

detween them Is as Imge as 1 wud be . Ths i the ?Yofevi} of the gralden
1ato.

But if we are st hashing~ integers £m-1 , we Q@n just use AX)=x  ie. an
arvay. We dort need hashino~ ! So, ths 15 not a good hash function !

In fact , i s easy for Someope to de.sn('{n an fn})l)‘l’ for this hach fc)ncﬁbn ‘that

all map to zero 40 Sw dowh your q/gorfﬁvm. This s not jut a theoreticql exercise.
Most of 25t Celrl-UY)/ hashing wos de\/e(goed of ATGT. Why does ATQ T care qbout
hashing— 7 T tums ouk that dne of he b‘n'ng:s +4hat ATOT does s that o maistains
rovters for the backbone af the Inteyret . Packets Come in these vogterc ,Hwey hqve
addresses In Hhetn and e voer needs o vexy gu;'ckl/ |00k op that address



and f:‘gure otk where 4o send the Tquef hext. Theve s a hash tahle in there
especially beause he information about wher to send things changes over time ,
So s ad:uhl/)/ a dynarm‘cally clwanég;r)'ngr hash table . This decsion is made billons of
#me o second | so the hash function has to be fast . On the other hand , there ave
malicloys actors ovt theye who want o !:n'ng— the hetwork to s knees . So, one
of-the atfacks that ATAT has to defend apaint s ?EOFIE smd’fng— packets hroyh
ihe hetwork looKing for delays , )H;erqlly, /aokinf for collisione in the hash table.
So, the rovters are ueinér com/:)e)c sa)o)ul'%l‘cqfed hash ﬁ)nci-r‘dn: 'b‘waf- ne will see
-boday_ “These guovantee an,%EmQ-Ll‘cq”)/ that clcolatyons ha opeh in micvoSeonds bot
alco 1t Is wesicbapt +o these kinds of denal of servie attacks. Yoo should just
lef stcoﬂly expers {m/p/emeh't these functions beamuce i real I/v has an effect on the
WO'//d,. ond 11§ %,H;c wm}a);'ca{-ea, _

tlere  we Jvst focus on one ag/)ect' of hq:bl')&o that we @p exP/Qin ih s class,
which is that hash finction has fo behave mndon»/}/. )’OL{ ml‘gbi have seen

PQOP,C sqyl‘ng this and wr%ti;zﬁr dowd @ determiniskic a(g'afrthm . So, the Dtssdm/)ﬁ‘dn
bere. i that Vhe data we ave haching i comewhat vandom . This is a danperous
aSSUmPi’fan. Data ic hob vandom. Tt could be chaosen J:y a malicious ’Fafﬁ that-
Wars 1o atfack yoor cyctem . Also, 1o figure ovt  how YU data & distrbyted even
when W i< vandom = hot easy. So,we cap't assome 4h}l‘H1ih(§>' abovtthe ddta.
That mears | we wart ‘l:hirf_r o behgve mndamly , we have to .rop}ﬂy The vandomnress

So dhe ﬂgH: M)/ 10 think qbotﬁ' had»ihg s the fol]ov\/l‘rg‘ !

Imagire wie have a family H of hach functions . Ths i< fixed in the code.
Wheh we inittaljize the hash toble we choose a ]Jaf-chlav ﬁ)nc(:r'on f;@m this sef- at
vandom . And theh v use this for the lifetime of e dala structure.

So, the data is not rvanrdom bot the hash ﬁ;ncﬁbr\ i !

“The usval way Lto do 4his s via a 4wWo ’qum%er hash fonction his, %)
where X iy -the object we want t hash and < (Ca“td the salt) choses
a vohdom hach fund:‘dn n the fqm‘ly

So, what rro?erﬂ‘es do we want from ow hash fonckion (fzm;))/)

Ur\f@{m ﬂ;ﬂ [hC)O = f-] = %—1_ Jov all x €U and for all (elm]

This  c faiv ly inturdive as the hash function Should distnbdte the
obje tks faitly unﬁ"orm)/v,bmk this s not what we wont as
hisx) =s sa’ciJﬁes this but H s hot /eall)/ "Aa;hfizf’”

“This s not e,houg%.’



> Universal s (s much nmove useful property. We acll:Ua“) wont the
PYObCIbI‘))I"y of wllision {0 be <mall.

P ] hd=hg) =L dorall %y

hey m

Somedimes we woant @ Stronger vatiant caled 2- onpform

P h(x) =¢ =7 | =4 Il

hEH[ ¥ =t and Hhix) J] = for a xfy .
for al © 4]

Heve  every ]Daﬁr of hash valves are Oniformly distribeted .

You can pereralize 1 4o 3-uniform , L-unfivm , etc.

The limit s the ideal case where all hash valves ave Uni-,[orm
and inde]:endenbly distnbuted ,which ¥ the same as k-Ontorm fir all k.

This s what we would ke but s pot very 7rac:ﬁcal‘ since com)ole*e
ihdefendf:hce & hot effident 40 achieve. So, e need Limited notins of
ihde?ehde_hce <0 we can compUte it q/u.‘ckl/.

Agau'n there ave going 1o be collisions even f we ]JI'Ck a hash Jﬁnc(-r'on Yth[c)m})/.
So, what can we do 7

- We ¢an vse (chained hashfn@', wheve.  TLi)= linked Iist of rtems with hash

valve 1
AL .
L h/J_\ then [J-[AH[c 6]
c 27

But wWe Cah use any :econcfa\// data sbuctove as well, Assuming it
s a linked “5{7,

Expected tme o search for x =—O(E {lengih (T[h(x))])

So, let's ©mpUte this . let’s Sippase our hash table stoes y... ),
and A Is fot n the dable jet. o compote the expected ime,
e are poing 4o compute the above expectation Vi indicator vaviables.

E [len (TChW)) ) = Z E[2lh = byd]) = ﬁ Plh)=hy;) ]

1>,

< h

h o (umversal hashing)
- £

®



This means that E [time :ﬁ’"’ unsuccessfil Seowch ] = O(mi +1)

tLoad JQle'dr qﬂ
hash -table

So, if load fackor = O0) & h is oniversal ,4hen E [tine] = O(1)

The last ’ching we heed 1o guampniee is 4 Onivevsal hash jamf) :

Stron ger

hex)= (ax+b mod p) mod m This & weakly uaiversa|
l | T pime 3# 2m

salt Pihx=hy)] € 2

o<ab Sp-1 m

b Random matnx hashing’

We wont & funcﬁ‘on from [2Y]) +o [2%]
We coan Hhink of tos @ :functl‘on frum {_O,L?w +o {\O,IS‘Q

Then  hosh j:UT\C'lTl‘Oh fami)y Is
{xw
Mx mod 2 Wwhee ME 316,17 s a matix
chosen ot Yandom

0

h

= [-<M,"X7 mod 2 ]

wheve M- s the * yow of-™

L

L<Ml,’>(> mod 2 J

One can show that (P[ h(y() = h(?()_:[ = %—1_ fm’ all X,#y#O

(Proof left as exercise)

Guavantees

What we saw above gf\/ag that 'JC m=@(h)} E | Tme 4o search] = 9(1)

for X for all

We are going {0 state some exam};le; of wniversal hash  famlies (proof in the notes)

X

®



But we \ould bke to sa/v some-ﬂﬁng' J?':ro%oer l'dta/}V

= [ma% Time. to Search ﬁn’ X ] = 0(1)
x A e -

= T(x)

But infact s does not otk as above eren f e assume ideal hash
fonctions. If n=m,

E[max chain lcng-kh] = 19('%’ " )

foglog'h
= tems being” hashed = cells of -the hash fable
lemma  If we toes h balls un}fdfml)/ into n bihs, then whp the fullest bin
contctins
O(l\ogl__) balls <— One can also prove that-
Lglogn Sulest bin  @ntans atleast

n Qf_’,) balle bot- 1t i
[Of'/ug'n
move. comf//‘cafeJ

Proof Let X = humber of balls in bl\n\}
E(G)= 1 Aor all
What 15 the ’Frobab})u"y ¥hat bin § contmins 2k balls

PIX; 2k ] £ (Q)@—)F

S — [P of each choice
S# choies of ¥ balls

< __hf_ R - S
kionE
Kl
Tabng ks 2elgn k! » kKM = g2
logiog'n - %;&ogn__ (loglag n)
< e "——’_'_2_.



w, PlX = 2c\0fh_] < foroall bns
\cglog'n nc

B)/ onton  bound ,

PJ max X, > 2ckgr ] - P[ % 7 2elogn o, mmeJ]
J

\oglogn loglogn
< > > 2clogn ] <1
X B X \ogTog n nea B

So, what do we do 7 The tecanz&ue s called —PE/femE ‘I‘/aShllhf-_

Perfect Hashug  — due +o Komlos- Seemered

The idea s +o Ye,o(ace Lnked  lists w,:b‘) seconcla}/ hash tgbles

'L_Jr“’D Each em Foints o a secondawy hash fable

~ 2 -«
m: of o2 M =hn whee no= 14 xeT [hod=¢7
l.e. Number of-;'tems with hash valee 1

Why qpadmbl‘c orze ?

Letmma If m= n? , then E [# colh‘s;‘on.c] <1 orssu;nfngf Universal haxh/'ng.

Prood & [—‘-FF Lo(“sfdr\S] = %# P [ hex) -'#H)/)]
y

c (ML _ hb-1) 1 1
’(L)”“ 2  h2 <_'2__17

So.  Mavkov's Lneq/val\"l:y melfes that :\_lbf7l Cd(“:fOn] <L
Most of the Hmes -theve will not be any collision .
So, affer two 4ries there are no collisons | "[his i Wwhy we choose

a secondary hash Hable . We fitst ook in the fivst hash table for x
then the second , efther x (s there or not pot no collispns



Lookup (%]

Prim orry Tosh  Funckion

L = h(x) <=
] €= h &) <« Stco\ndafj Hosh Funchion associated with T(1)
¥ T[l=x
veturn TRUE The obyidus d/sad\/aniuge s that
else thic <ceeps B be USmg o pt
veturn  FALSE more Spotce , Quadrafic h h.

But m, depends on F dems
hashed 1o « which s rvandom,

@ Ahe (Zoer&fon s

What j¢ he e)(fecﬁed Size. of s
~table ?

T tune o that /b i not e dad .

E [ Total Space ] E[Zn"] = = ER]

What (s n, ¢ n: = > [hCX)=—L]
X

So
Ef] = = £ alhw=17 2lhg=i ]|

2
= 2 E[ahw=ud) + 2 Plhoo=t anp Hy)=i ]
% x;ﬁy

So, & [Ttal Spaee | = T ETd[h)=iT] + z;’fy@fhcx)_t b= ]
';_\/___J

= n (because we are bad\fng R tems)

- -,—zi'(i P [hex =0, hey) L])

7((7

M —
E[# alisns i pimay dmble |
=n+2(?“_)-%— = 2n-1 = O(h)

T Linear Spate
€)



