LECTURE 9 ( September 24™)

Midterm 1 — Mon, Seftember 30“',4-9)3111

— No lecture on Wursdqj —L Optional Midterm Review Session
Sample Exams on Jeff's websile or )mevl'ous years gﬂ%r[ngs

— BExam wil| cover material U}Pbo HW3

P{e—retzuds[tes
Divide & (onquer ,FFT

Djnamt'c Prog’hvmamh -
No Ranclomized Alg’Oﬂ'H')ms / ’R’Obabi/lé/ on M(d feym 1
— 4 questions & 2 hours _
b Solvtions will be short | shovld take 5-10 minuvtes o wnte
Clear and precse  description of algorithm or pseudocode
Some Justiffcqﬂ‘on ,e-g., Tecurrence
Run time

— One handwritten cheat sheet — one double- sidec] AH pagee

- Conﬂl'd, Exam on
S Regl'straﬁbn Frm on (Course Web/:czge

— DRES accommodation

L Please send the PRES [etier by

— No homework. this week

Maiching Nuts & Bolts
Introduced by Gegory Rawling

We haw a bag of n muts and n bolls. Al nuts ave of different sizes and 0 ave the bolls
bt for every nut there is exactly ont matching bolt

Task  Match every hut to ts coﬂe&})ondlhg’ balt

Only operation allowed (ompare a nwt to a bolt and sez of @& fiks or if the nut & bygger
’ or the bolt is bigg’ff

Cannot comFare two nuts with each other o 4wo bolts With each other

How would you do it ?



Brute Force Compare. every nut with every bolk  — n" dries
One can save a factor of teo since f we find a matching nut
for a bolt we don’t need +o compare it 1o others, bvt &
still ©(n?*) 4ries

This Froblem sShovd remind yoo of softing

If the holts are sovted , we can chk anvt and find a matching' bolt with bina;// Search
th lOg' n tme. Overall , this tokes O(n(ogh) time to match all the nuts and bolés.

This process of a&n)mt'ng’ a solpton to one Prab[em and u.sc'ng— (+ to Sohe another is
called a vedvckion. So, we can vedvee the nut- bolt match[ngf Prablem 10 so{ﬁ'ng-

Ir tvns ovt that this task 1s ec;u.'valcnt to sorting. If all the nuts and bolks
ave maiched , then we can also sort i O(n (og'n) time be cause f we want to

compare Awo npuks with each other, we can compare. thesn 10 their cdfrfes;l)ondt)ka— bslt.
So, we can Ton mergesort o sort th O(n-log ) Hime .

So, +o solve the lask, leth {9/ a S‘ofﬁhg‘ alg’ori‘bhm eg- Mergesofﬁ . (anh we do meygesorty
with nuts & bos ?

Recall that mergeaoﬂ: does the ﬁllowing— to an [npmf army:

@ Sph'f, it into Awo halves ¢ sort each half
E Mesge. the two sorted halves

Why can't we do this here ?

Problem comes fom ctep D of meyesort .

We can split the nuts into two paris i to recorse, we need o splz'b the dolts
b0 two faft: thal moch the ?aft‘:i‘/:/bn of the hots, Not obvious how to dp that !

So, this cloesn’t wwrk , as there (s ho way 1 vecuvse.

What abovt Quicksort ?

At a minimum, we cah make guicksort work
pick a bolt , call ¢ the pot boft
use +hat bolt 10 Partition the nuks nto thee parts — thace
that are b{gger thah the fi\/o{; bolt | those that are shaller
and the marl:chz'ng hut
then we can Pofﬁ'ﬂbn the boHs us[ng’ the not Yat malches
the /JiVO‘b bolt



Now, wWe cah vecdvse since we Kpow (n one Fm’t all of the nutsy/bolls ave smaller
than the Pival;, and in the other Iargcr than the fivdf

basic
If we try fo do this cleferministically , this s B(n") in the Worst -case , Just Lke qucksort-
since  everytime in the 1eCOYSiOn, e m[g’hl: g‘ct onlucky and he /woblem $}>Ui-s irrto
two unbalanced parts

For quicksort , vie can vse median of mediahs 4o Pz'ck @ clever Fc‘n/ot and veduce the
wnm’ng’ Hme o OLh-(Ogrh ) but there gceems 4o be no way of doing' that here

Tt s Fos:ib(e to do o a’etEme}u:s{:icaN/ in OCn-logh) time , but the a(gonﬂ;m s czwic
complicated and ¢ took a bt of wolk 0 find it.

Picking a random Pivob , also gti/cs an O(n-logn) Wime  yandomized a(érovd‘:hm that
(s not so d(ﬂ,‘w/{; to analyze.

Randomized Algorflfwm to Match Nuis & Bofts

O Pick o random Pivat

2] Partition houts/bolts ihto bigger g smaller /Dm‘ts &k matched Pair
[§ Recurse on the two svb-problems

How many tests do we meed to perform for 3 °

1- 2h—-1 tests , corn/Dcwe the }::ivat bolt % qll h nuts
Com)Dme +he  maiched nut t6 evcaythlhg exaf)f the FiVot bolt

let Th) = ruhning time for n hots 4 bolts

_lFenJ Th) = 2n-1 +  Tk-1) + T(h-k) for some valve of k
If we were looking at the worst-case behavior . then we woyld {ake a max
over all k- But since we chosen the PL'Voé vandomly, we are interested th the
exPec{;ed? valve of -the runm’hg time , Sihce k 18 random

© E[TW)] = -1+ Eg [ E[TD] + E[T(rKI)]
Since  the Pivm‘: bolt (s ecbvall}/ ll'kr_/}/ o be the smallest, second smallest or K smallest

for any ko,

Pl[Kk=k] = L ¥k, 6 so o recwrrence becomes
M

E [Tm) =2n-1 + 2 kZh/E [Tt-)] + E [m-m])
h 2

=2n-1 + 2 7 E[T)
h k=0



How 1o sole +his recurvence ? Such vecorvences ave called foll ht'svfof)/
Yecorvenes ancd theve’s a tnck +o sol\/«'ngf them which yov aah vead th the
lectoe hotes, but here we will try &ame—Hvthf else

Hevvistic Calewlation — Not a Pmof )

What are the bed cases for gucksovt ? hen sub-problems are very unbalanced

Call o pivot good if < 1<<%7 . Then, P[ piwt is good] = 2

S, E[T() = L E[Tn) lgood] + L & [T(n) | bad)

Now, we cn make the unjustified aSSUm/DHt.‘Jh that the Yunning” +ime only increases
the more vynbalanced our }u‘mt_ So, evth When the /a)\/a-t ic good| , the worst -case
occots vhen k=n or 3h Sc'rm.lavly, when Fivm’: is bod , then the worst- case Qcevvs

49 q.
when one sob-Problem has size zZero

With this "heovristic” dSSl)mF-b'an,

E[T(n)] £ 2n-1+ 1 [E[T(g)% E[T(%Th)]] +_2% E‘[T(n'l)]
2 —
< ElTm)]

=  E[TWO)]] £ -2 + E[T(%ﬂ +E[T(€‘?)]

We can solve -his b/ usfng fecovsion trees

h
?' Total wovk ot each level = #n
3h/"
1 H lewels = log n = QOnlopn
\ e Ly, (nlog )

noanogn o gn
16 16 \6 \6

Thos, - hevristically E[TM] = O(nlogn) — This relees on on onpstified assc)m/)bbn
which would be twe If E[Th)) ic a
convex Hunctioh of n. This 40vns oub
to be true but proving it s not easy .

So, to prove it vigovouly - we introduce. o different method Which (lustrates one of

the most usefol ideas ih the anadlysis of vandomized alpovithms — decom):cm'ng the
runm'ng' Jme as a sum of zew-one vandom Vaﬂ'qb/e_;, called 1ndicator variables.



Riporovs Analysis

Let Xg - { 1 f #h smallest bolt s comFarec( o " smallest mot

0 oM
Then, T) = X Xij
\

E. [—r(h)] = 2 E [Y,:,]

]
:M

(1- P[X;J- =1] + 0O JP[X;J:OJ)

Let's bok at a few cases to see what P[Xjj=1] is.
‘ P[)(},;l}l since (f" bolt moust be corn/?areo( o (t" nhot (h Hhe end
' [P[Xz,n’l] = %_ <« There awe seveval cases here :
() pivot ic the 15 bet = X, =1 = probabilty +

(2) pivot s the K bolt D X, =1 = probabilty L
(3) piwot is KN bat where = X, = O

1< k <
1
ﬁ V';[ bolts If k s selected , the left
and  vight problems  are
\ 7\ Al nuts soNed  separately and o
" bolb on the 4op lefl is

cem)?ared i a hvt ch
the bottom vl:ghf

Intuitively, if @ bolt and not & closer & Yank it hos a higher chance of
being com}:ared. For th bolt and jt* mot | f li-jl s small then FVObabtfllb/
of being comfa‘fed should e large.

p;vo't' k
y
© Pl Xy=1]=[?) = — ] bolts
1
Agaln theve are Several cases heve, | A J1l | huts

Case K<t 2
[Cose k=i] =1
Ease i<k<j\ Xi =0
|Case k=] Xij = 1
|Case  Kk>) »

=  What happens in the top and  bottom cases 7




Consider the b]; mse (sihee the bottom case s symmetnc)
pvot K

l_jlrL | bolis
178 lﬁ‘\’_] huts

J

This will be divided into 4wo someLlems ih vecurston — the [eft- & ngit of the FI'Vol'

— - R — l For +the vight subproblem, the original hut
=k bolf ))au'r we were interested th are pov
L Jmr H . — the -k & )~k smallest n_slvecfivd)/
J.—
Left Right o . ‘
subproblem Suf;roblem Note that li-)| = |(—K) - CJ‘k), So

the dfference in their vanks has not- chapoed

So, i this case where k<i, we vecorse
v k>j)

| Case k< Recurse
Cose  K=1 %=1

Ift the ﬁ'rsb p[\/ot is chosen From {L'.----)'} ,then

there are 1j-cl+3 cases wheve we etther compare
(a) orf spit ¢ and j @ never compare

—

[Case k=j [ xij=1
lCasa K2) Recurse

Case i<k <J\ Xj=0

Ovt of these +there are exactly two cases
where Xij=1

S, P[Yj=1|klor i<kq) or k5] = Z

EATED
To handlg the YCC.UYsL'\IE cases , we can use L'nc(UCh'Oh
Hypothesis  for all n 22, inX.‘J] = 2 for j#i A
j-el+2 ’
Bose Cose M=z [P[Xij J=1 for j#¢
. =- k='
Indvctive Case IP[X'.J' = 1] = 'P[X.'J' =L /,;(di;for] - F [i(li()o'ofj
k= K=
C VJ o #——/
= 2 -~ =P
(j-il+2
n [P[)(,‘J-:l //«L] Pleei] + P =1 /L?j ]-E[pj]
L o - N—— W___/\—\/“-‘
By indvction =94 By induction =V
- 2 -~ 2

|G-k)-Ci-k))+2 141



| co1] = 2 ) = =
oveall, PN =1) = Z— (Pryrr) = o
=1

Therefore,,
E[Tn)] = = PY¥y=1)

= LnH, — Fn + 4H, where H, = n™ Hamenic humber
= Lag n

Ahother plece of wiviion to help you think  abovt s algov[-Him 15 the fo//o»dhe/

Nomally, when we thik of ovr recorsive QIg’OfL'HVT) ,we think of ¢ as follows

| A ] Pick o P[\/dt
7~ ‘
— | — Recutsivel y colve the [eff :ub]:rob(em j‘;rsé-

This means picking~ a vondom plVot i the
green patt and recu fsz:ng—

Afier we hawe soved the left svbproblem,
Solve. the. vight  ane

Bot you Can algo consider o dightly different vexsion of the algoniim which
does the some. Steps v a different ordler

The new algomphm has n phases : in each phase, tb picks o random pivot bolt-
4 P P P 4
from all the bolks that were wt choseh as a Fl‘\/oi' before

‘The  frsb phase works the same as above but ¢ Hhe second phase

the algorithm chaes o unl‘{orm{y yandom bolt i etther the green or
yellow sub}:rablem and| sTlh‘,s that Faf-(; jbfb‘»ef . for exam/ale, the followfng
covld] hq])/)en:

L9

77— Split whatever vepion the randomly
/ AN chosen bolts happen to land in !
— inui i Now, we can follow (™ not and J¥ folt down
/N Yhe tree and this make & a bik morp
— 3

irtutkve thatt o only depends on (-]



