LECTURE 8 ( September 1§*")

Move PYobabLl&y L Rondomized Algoriﬂvms

RECAP  Equality Testing Given two binary vectors v e io13"

Decide if they ave equal or not

Only o}:cva.tt'on that ¢s allowed : DOTPROPUCT (a,b) — 'ﬁlme, B(h)

take dot product (tmod 2) of any twp b(na»y veckors a,b e $0,3"
i.e. ou.-I:Pat s

<a,b> moc\ 2= z"‘atl}" (mod 2) = { 1 'ﬁ <Q|b7 iy Odd
~—— iz

=

.l.{h coordllha'te
L i .
Deternunistically — Let ;= [00--~10---0] be he it"-standard bascs vector

Invoking  DITPRODUCT (48] for i=1 to n , ¢lls vs what U or v us
Time = O(n-Bn))

v4'gorLJd1m « Pick a random vector v € {o,l]h

¢+ If durd =) med 2, Hen output EQUAL
- Else output NOT EQUAL

P[ Alponttm exrs ] <L ond s vonning’ lime (s 0(n+ Bln)
2 Y

obvious
Proof Algorﬁthm on})/ errs of uFv

Suppose U and v ahfcer on the last bit : 4, #V,

h-

Then, <urd= Eum U,
[
h-1

VYD) = S, + 0,7,

™
——

P

Now , there are 4wo cases

®#B mad 2 w.;).iz T, =0 , S0 <4HTIAVrY

u:& mod 2 wp. &

I =1, so uv2# vy?
2 ’

Thus, P[ A|go'f\.‘&1m e:rvs] £1 < This is nob very small
2

Con we make £ < 8 ¢



Repetition /Am phfication Trick

Run the algorthm += [log g’-_] times independently
If any execotion says NOT EQUAL =) ovhut NOT EQUAL
ofw = output EQUAL

Again, algoritim only exis if uv,

P[Algoréﬂwm e:vs—J = P [ all ¢ iteration yeturn EQUAL |

t _log 1
. =2-e__2f£<ﬂ

L=l

L =5
2

Runtime s now O(n+ BCh?-logi)
8

Testing:  Matrix Procluct

Given Boolean mmatrices BC,D € 013"
decide  BC = D (mod 2)

Matrix Muliplication takes O(n**™") #ime .

Randomness allows vs 40 do & in foughly o(h Y) time.

Algon%m Toke o vandom Boolean vector v e 40,3"
+ Compute Dr = ¥ Matrix-vector mukiplication
Cmod 2] Takes OM?*) tme

* Compute BCv = B(Cr)=x
Cn'\ul 2)

« If x#y, return NOT EQUAL o/w Yetyrn EQUAL

EvvorAnalysis If BC=D = atgor&hm & always covrect

tmod 2)

If 8C#D = algorithm may foil
(mod. 2) What is the -P{obabﬂjiy of- :fbi.[UVE H

Assime i vow of BC and D ave not equal

let « = i™ row of BC . Then, u#U by assumption
v= *h vow of D

Bj ‘PfeVllOUS lemma IP[<U,Y7 mod 2 = <V,¥) mod 7_] =

1
2

Se, lP[-(‘aiL] < 1

We can make the err ot moest § , b), yq)eaﬁng lof 1/5 Hmes



Random Variahle

A random varigble s o fonction X2 — V
L valve set

Eg. if V=2, X is a random integer
V= {015, X is a vandom bd
V= graph, X & a vandom graph

We wnte PI[X:=%) or P[Xsx] or P[X=Y] +o dencte events
abovt vahdom varmables

Expectation For veal/ com)plex /veckor valved vandem vaviable X

= : = . =a’ = 7
Elx] xZac B[ X=%] f;g_,)(vue,of‘ e0x) z

vandom dice

Note  Random Variables over infinkbe sample <paces (e.g- intepers) may
not have finite expectations

Condrtional Given an event , the conditional expectation of X even A s
Echcd:aﬁ‘cm

E[XIA)= £x P[X=x 1A]

E(x] = E[XIA]). PlA] + E[X|~A) P[RA]

E[x]= 3 E[X V] PIY9) = e[ E[X1Y]]

l‘nc(gfendcnce Two random vaviables X and Y are ¢'nc(e):enden1' ¥ foral x,y:
the everts X=x and Y=y are t'nde})endejrl'

If Xad Y ave indq?endent, +hen E[XY]= Elx]- E[Y]
Simdarly, i X, ...% ae fly tndependent _ then
h h
e[Fx) = T e

/_/2 may be dependent
Linearsty For any vandom varigbles X,... % & reals «,. ...«

e[ 2(ax)]- Tu ElX]



Exomple  Toss independent  coins where each coin comes gp heads wp. pe [0)]
Count [ [# heads ]

X: = io i con Is tals  pnd E[X ]‘F

L ooin s heads
let X = _gxl..
E[X)= E[ixg] = ?nl E[x:] =np
Example Toss inde.}:mdP_n’c coihs where cach coih comes op heads wp. pe [0)]
How many flips untll first head 7

E [ * flis) = E[¥ fips | st fip is] : [ﬁm Fip ]

w s hea
= 1 :F
v E[# 4 & i ] frot £
[ P { TFh(Jcmil]_tsl‘]J i [ s ‘l:mjl’s*]
= 1+ E[#flps] = l-p

= P+ (-p)(1+ E[#flps])

= E[#fﬁps] =

Sampling” o. Fair Coin from a Biased Coin

Suppose you hawe o buased coih that comes up heads with some uynknowh )woba,b)/rg/ P
How can you vse ¢t 10 geb a faiv oin oss ?

Von Nevmann jn 1951 came vp with a straff_g)/

* Flip the buased coin twice
* If reslts of the dao flips ave dfferert ,vetur the first one

HT — veturn “Heads" , TH — return "Tauls"
o Otherpise mPcak ontil success
Why does this vetorn a fa‘:f coin toss ¢
_ h [ | " Heats| 3
P[HT] = B[TH]: p(1-p) - ’
5 J"P
. T (%
Soy P[WT | flips diff] }

= P(l"E) =
2p(1-p)

1
z



How many flips do we need ?

P[ each iteration sveceeds] = 2p(1-p) =g, — How many times do we need to fiip
a biased coln vntil i comes vp H !

[ 3 times ontil success ] = L = _L
9 2p(1-p)

Note  There are better algorithms i we know the valve of p

L) . "
Eg s P=%, l \;/3 ovbput Heads f we see TH or HT

f ! B
T ,},3 Tals o we see TT

3

Collecting Pokemons — Gotta Catch 'Em All

How many Pokemon cards you need to boy to collect all N pokemons f
Assume that each tme we b(y a card 4 we get a unlfom/y yandom Pokemon
Let Y= ¥ cards to get all N pokemons
Let Y, = # cads after we hawe (-1) pokemans o g'ea,L L Fokemoru

V=Y 4 by +.-- + W

What is E[Y]? Y=1

Yy= ¥ times we need f flip %—_—biased (oin to See heads

E[Yn]= N
S&nflafly, Y. = # times we need to flip a N;j*l - biased cgin to See heads
Elv.]= N
N-#1

Thus, by h\ncarﬂy of exFec-Lm‘:ion

n N
EMv) = ZEY) = SN - N5 _

= N-grl T N-C4L =

N
NS 1 (i= N‘l;-f:l.)
U

"

N-Hy _
D N Hamome Nomber
N-inN

u



